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PAIR-DENSE RELATION ALGEBRAS

ROGER D. MADDUX

Abstract. The central result of this paper is that every pair-dense relation

algebra is completely representable. A relation algebra is said to be pair-dense

if every nonzero element below the identity contains a "pair". A pair is the

relation algebraic analogue of a relation of the form {{a, a), (b, b)} (with

a = b allowed). In a simple pair-dense relation algebra, every pair is either a

"point" (an algebraic analogue of {{a, a)}) or a "twin" (a pair which contains

no point). In fact, every simple pair-dense relation algebra 21 is completely

representable over a set U iff \U\ = k + 2A , where k is the number of points

of 21 and X is the number of twins of St.

A relation algebra is said to be point-dense if every nonzero element below

the identity contains a point. In a point-dense relation algebra every pair is a

point, so a simple point-dense relation algebra 21 is completely representable

over U iff \U\ = k , where k is the number of points of 21. This last result

actually holds for semiassociative relation algebras, a class of algebras strictly

containing the class of relation algebras. It follows that the relation algebra

of all binary relations on a set U may be characterized as a simple complete

point-dense semiassociative relation algebra whose set of points has the same

cardinality as U.

Semiassociative relation algebras may not be associative, so the equation

(x ; y) ; z = x ; {y ; z) may fail, but it does hold if any one of x , y , or z is

1. In fact, any rearrangement of parentheses is possible in a term of the form

x0 ; • • • ; xa_! , in case one of the xK's is 1. This result is proved in a general

setting for a special class of groupoids.

1. Introduction

In its most basic form, a representation result for relation algebras is simply

a theorem which asserts that every relation algebra having a certain property

is representable. This paper presents several new theorems of this kind. The

importance of such results stems from the fact that not all relation algebras are

representable. Until Lyndon's counterexample in [L50], one could have hoped

(as in [T41, pp. 87-88]) that the ultimate representation result would be true,

namely that every relation algebra would be representable. This happy situation

exists for groups and Boolean algebras. The Stone Representation Theorem im-

plies that every Boolean algebra is isomorphic to a Boolean algebra of sets, i.e.,
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an algebra whose elements are sets and whose operations are the standard set-

theoretic operations of intersection, union, and complementation with respect

to the union of all the sets in the algebra. Similarly, the Cayley Representation

Theorem implies that every group 0 is isomorphic to a group of permutations,

i.e., a group whose elements are permutations and whose operations are the

standard ones which gave rise to the group concept, namely, the composition of

permutations, the operation of forming the inverse of a permutation, and the

distinguished identity permutation which maps every element to itself.

The relation algebras which correspond to Boolean algebras of sets and to

groups of permutations are called proper relation algebras. The universe A of

a proper relation algebra 21 is a nonempty family of binary relations between

elements of some set U. (U may be empty.) The fundamental operations of

21 are certain natural set-theoretic operations on binary relations, under which

A is closed. In fact, 21 is a Boolean algebra, with the operations of union,

intersection, and complementation with respect to the union of the relations in

A (\JA may not coincide with U x ¡7), together with the binary operation

of composition, the unary operation of conversion, and the identity relation on

U, namely Id^ = {(x, x): x e U}. Composition, which was introduced by

Augustus De Morgan ([D1856] and especially [D1864]; see [D66, pp. 55-57,

208, 221, etc.]), is defined as follows for any two binary relations R and S :

R\S = {(x, z) : for some y, (x, y) e R and (y, z) e S}.

(The notation "|" was used by Russell and Whitehead [WR10]. De Morgan just

used juxtaposition, as did Peirce [P33]. Schröder [SI 895] used ";".) Conversion,

also introduced by De Morgan ([D1864]; see [D66, p. 222]), is defined for a

relation R as follows:

R'1 ={{y,x):(x,y)eR}.

A relation algebra is an algebra of the form

<&=(A,+,-, ~,0, 1, ; , ~, 1'),

where 21 = (A, +, ■, ~ , 0, 1 ) is a Boolean algebra, ; is an associative binary op-

eration (corresponding to composition | ), is a unary operation (correspond-

ing to conversion~  ), 1' is an identity element for ; (i.e., V; x = x = x; V),

and De Morgan's "Theorem K" [D1864] holds: if x ; y < z then x ; z < y and

~z; y <x . Of course, every proper relation algebra is indeed a relation algebra.

A relation algebra 21 which is isomorphic to a proper relation algebra is said

to be representable, and an isomorphism from 21 to a proper relation algebra

is called a representation of 21. A representation is complete if it preserves all

meets and joins, and a relation algebra is completely representable if it has a

complete representation.

A fundamental example of a Boolean algebra is the algebra of all subsets of

a nonempty set U. Similarly, a fundamental example of a group is the group
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of all permutations of U. For relation algebras an analogous example is 9te U,

the algebra of all binary relations on U. It turns out that 9îe U has a peculiarity

not shared by the other two examples: it is simple (has at least two elements

and no nontrivial homomorphic images). Another fundamental example in the

theory of relation algebras is the algebra &bE of all relations contained in a

given equivalence relation E. &bE is isomorphic to the direct product of the

algebras iHe U, where U ranges over the equivalence classes of E. A relation

algebra is proper just in case it is isomorphic to a subalgebra of some &bE.

The arithmetic of relation algebras is a kind of mixture of Boolean algebra

and group identities. Part of the reason for this is obvious: a relation algebra

is a Boolean algebra with additional operators. Another reason is that every

group 0 = (G, -, ~ , e) gives rise to a naturally correlated relation algebra

Cm 0 , called the complex, or Frobenius, algebra of 0. (See [JT48]; the obser-

vation that Frobenius algebras are relation algebras was first made by J. C. C.

McKinsey.) The complex algebra Cm0 is the Boolean algebra of all subsets

of G together with the multiplication and inversion of "complexes" (subsets of

C7), and the singleton complex {e} . Thus

£mC7 = (Sb(G),U,n, ~,0,G, ; , ~, {e})

where, for X,YCG, X; Y = {xy:xeX,ye Y} and X" = {x_1 : x e X} .

It is easy to prove that the complex algebra of a group 0 is a representable

relation algebra. By Cayley's theorem, 0 is isomorphic to a group of permuta-

tions of some set U, so every element of 0 is correlated with a binary relation

on U (which happens to be a permutation). Then, for each subset X of G,

let R(X) be the union of the relations correlated with the elements of X. It

is easy to show that R is a representation of Cm 0. This proves an example

of the simplest kind of representation result: if 21 is a complex algebra of a

group, then 2t is representable. More powerful representation results may say

something more about the types of representations that 21 can have. For ex-

ample, R embeds <£m<5 into ÍHe U = &b(U x U), so we know that <£m0 is

not just representable, but that Cm0 has an embedding into &bE for a rather

special kind of equivalence relation E, namely one with just one equivalence

class. By Theorem 4.26 of [JT52], such an embedding exists for a representable

relation algebra just in case that algebra is simple. (Of course, <£m0 is simple.)

This example is typical; the conclusions of a representation result can often be

considerably strengthened if simplicity is added to the hypotheses.

The representation R has another special property. It is complete, that is,

it preserves all infinite meets and joins. Every representation of a finite repre-

sentable relation algebra is trivially complete, but there are representable rela-

tion algebras which have no complete representations. A relation algebra with

a complete representation is said to be completely representable. Thus im 0 is

completely representable for every group 0 .

The main representation results of this paper use the concepts of pair-density

and point-density, which are defined in terms of certain kinds of elements called
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points, pairs, and twins. Let 21 be a relation algebra, and let x be a nonzero

element of 21. We say x is a point if x; 1 ; x < V, and x is a pair if

x ; 0' ; x ; 0' ; x < V, where 0' = l'~ . A twin is a pair which does not contain

a point.

To understand what these conditions mean, suppose 21 is a subalgebra of

SKe £/. By deciphering the definitions of point and pair we find that x is a

point just in case x = {(a, a)} for some a e U, and x isa pair just in case

there are a, b e U, which need not be distinct, such that x = {(a, a), (b ,b)} .

Consequently, x is a twin just in case there are distinct a, b e U such that

x = {(a, a), (b, b)} , and neither {(a, a)} nor {(b, b)} belongs to 21.

Clearly, for subalgebras of 9ie U, every point is both a pair and an atom,

every twin is also a pair and an atom, no twin is a point, the join of two distinct

points is a pair, and every pair is either a twin or a point or the join of two points.

All these properties can be proved for an arbitrary simple relation algebra 21.

(ÍKe U is simple, and simplicity is essential in the proofs.)

We call a relation algebra 21 pair-dense if every nonzero element below 1'

contains a pair, and point-dense if every nonzero element below 1 ' contains a

point. Letting Pr2l and Pt2l be the sets of pairs and points of 21, respectively,

we conclude that 21 is pair-dense iff £Pr2l = 1', and point-dense iff 53Pt2t =

r.
Since every point is a pair, it follows that point-density implies pair-density.

The converse is false. To get an example showing this, we need a relation algebra

which has pairs, but not points, below every identity element. Hence we need

an algebra with twins. Now 9te U is point-dense, but 9te U has no twins, so

we must consider proper subalgebras of ÍHe U. Consider the case U = 2 =

{0, 1} . (Each natural number is the set of smaller natural numbers, i.e., zz =

{0, ... , zz-1}.) D\i2 has a subalgebra Wl2 with universe {0, Id2, Di2, 2x2},

where Di2 = {(0, 1), (1, 0)} . 9ft2 has no points and exactly one twin, namely

Id2. So 9Jt2 is pair-dense but not point-dense.

The main results concerning pair-density are as follows. Suppose 21 is a pair-

dense relation algebra. Then 21 is completely representable. If 21 is also simple,

then 21 is atomic, and 21 is completely representable over a set U just in case

\U\ = |Pt2t| + 2|Tw2l|, where Tw2t is the set of twins of 21. These results

imply that every simple complete pair-dense relation algebra is isomorphic to

one which is constructed in the following way.

Let U be a set which is partitioned into one-element sets and two-element

sets. Let P be all the one-element sets in the partition, and let T be all the

two-element sets. Let ~ be an equivalence relation on T. We get a simple

complete atomic pair-dense relation algebra 21 ç íHe U by specifying the atoms

of 21 as follows:

(1) if {a} e P then {(a, a)} is an atom,

(2) if {a, b} e T then {(a, a), (b, b)} and {(a, b), (b, a)} are atoms,

(3) if {a}, {b}eP then {{a, b)} and {(b, a)} are atoms,
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(4) if {a, b} e T and {c} e P then {(a, c), (b, c)} and its converse

{{c, a), (c, b}} are atoms,

(5) if {a,b}, {c,d} e T and {a,b} ~ {c,d} then {(a,c), (b, d)},
{(a, d), (b, c)}, and their converses {(c, a), (d, b)} , {(d, a), (c, b)}

are atoms,

(6) if {a, b}, {c, d} e T and {a, b} <* {c, d} then {(a, c), (b, d),

(a, d), (b, c)}, and its converse {(c, a), (d, b), (d, a), (c, b)} are

atoms.

The elements of 21 are arbitrary unions of the atoms of 21. The points of

21 are the atoms {(a, a)} with {a} e P, and the twins of 21 are the atoms

{(a, a), (b, b)} with {a, b} e T. Suppose 93 ç 21 and 93 contains all the

atoms of 21. Then 93 is a simple pair-dense relation algebra, but 03 need not

be complete. The smallest example of such an algebra is the one whose elements

are finite joins of atoms or the complements of such joins. Every simple pair-

dense relation algebra is isomorphic to such a 93. Pair-dense relation algebras

which are not simple cannot be so easily characterized, since pair-density is not

preserved by homomorphisms, as shown by an example near the end of the

paper.

The reasons for suspecting that pair-density implies representability are as

follows. Relation algebraic equations correspond to first order sentences in

which no more than three different variables occur [TG87]. It is possible to

assert, with only three variables, that there are no more than two elements, but

the assertion that there are no more than three elements requires four variables.

Thus relation algebraic equations can handle and distinguish sets up to cardinal-

ity 2, but for cardinality 3 or more all control is lost. (There is no equationally

definable "triplet-density".) The equations which are true in all relation algebras

correspond to those logically valid first order sentences in which at most three

variables occur and which have proofs in which no sentence contains more than

four distinct variables [Ma78a, Ma83, Ma89]. Binary relations between two

two-element sets involve at most four elements, as shown in the construction

above. If a relation algebra has a property which says, roughly speaking, that the

algebra is built up from sets of cardinality 2 or less, then that sentence should

imply representability. This is indeed the case for pair-density.

The representability of pair-dense relation algebras was inspired by a prob-

lem in a letter of August 1985 from H. Andréka and I. Németi. They asked for

the construction of a certain sequence of nonrepresentable cylindric algebras

of dimension 3. According to their problem, these algebras should be neatly

embeddable in cylindric algebras of certain higher dimensions, and they should

have some elements whose join is 1 and which have a property roughly corre-

sponding to the equation x ; 0' ; x ; 0' ; x < V. It seemed that cylindric algebras

with all the properties and elements they wanted would have to be representable.

For relation algebras this turned out to be the case. Because of the connections

between cylindric algebras and relation algebras developed in [Ma78a, Ma89],
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this outcome suggests that the algebras they originally sought cannot be found.

A relation algebra is point-dense if it is pair-dense and every pair is a point

(i.e., it has no twins). Consequently, every point-dense relation algebra 21 is

completely representable, and if 21 is also simple, then 2t is atomic and 21 is

completely representable over a set U just in case \U\ = |Pt2t|. It turns out,

however, that these results continue to hold if 21 belongs to a strictly larger class

of algebras than relation algebras, namely, the class of semiassociative relation

algebras.

Every relation algebra is associative, i.e., satisfies the identity (x ; y) ; z =

x; (y; z). But a semiassociative relation algebra need not be associative. It is

only required to satisfy a special case of the associative law, namely (x ; 1 ) ; 1 =

x ; ( 1 ; 1 ). The class of semiassociative relation algebras has special significance

for algebraic logic, since it is the algebraic equivalent of first order logic with

binary relation symbols and exactly three individual variables [Ma83, Ma89,

TG87]. We will show that every point-dense semiassociative relation algebra

is a relation algebra, and will use this fact to obtain results about point-dense

semiassociative relation algebras as corollaries of results concerning pair-dense

relation algebras.

So far we have encountered two new representation results of the simplest

kind, namely

(A) every pair-dense relation algebra is representable,

(B) every point-dense semiassociative relation algebra is representable.

Since every relation algebra is a semiassociative relation algebra and point-

density implies pair-density, these two theorems have an obvious common corol-

lary:

(C) every point-dense relation algebra is representable.

They also have an obvious common generalization:

every pair-dense semiassociative relation algebra is representable.

But this is false. In the proof of Theorem 43(ii) there is an example of a

semiassociative relation algebra which is pair-dense but is not a relation algebra.

The example can be obtained by starting with the subalgebra of ÍHe 4 generated

by {(0, 0), (1, 1)} , and then "splitting atoms".

Pair-density and point-density are such strong properties that representation

results which use them as hypotheses apply only to a limited range of algebras.

(On the other hand, far more can be proved for pair-dense and point-dense

algebras than mere representability, as we shall see.) For example, 0 is a

group, then £m0 is pair-dense if 0 has only one element. Thus the repre-

sentability of complex algebras of groups cannot be proved from the fact that

every pair-dense relation algebra is representable. However, the representability

of complex algebras of groups is an immediate consequence of the following

corollary of Theorem 4.31 in [JT52].

(D) If 21 is an atomic relation algebra in which every atom is functional,

then 21 is representable.
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An element x of 21 is functional if x; x <Y. Fn 21 is the set of functional

elements of 21. An element of &bE is functional iff it is a function. Complex

algebras of groups are atomic and all their atoms are functional, so they are

representable by (D).

If 21 is an atomic relation algebra with functional atoms, then £)Fn2l =

1. The latter condition is sufficient for representability, even if the algebra is

atomless, as was shown in [MT76].

(E) If 21 is a relation algebra in which J2Fn%,= 1, then 21 is representable.

Theorem (C) can be proved from (E). Suppose 21 is a point-dense relation

algebra.  Assume 0 ^ x e A . Then 0 ^ V • (x; x). By point-density, there

is some y e Pt2t such that y < 1' • (x; x). Then 0 ^ y = V • (x; x) • y =

(V-(x;x));y< l;x;y,so x;y ¿ 0, and (x; y)~; (x; y) = y ; x; x; y <

y ; 1 ; y < I', so x ; y is functional. Thus every nonzero element of 21 contains

a nonzero functional element, i.e., £¡Fn2l = 1, so 21 is representable by (E).

(One could also use (D) in place of (E), but this would require the additional

work of showing that every simple point-dense relation algebra is atomic.)

A very important and early representation result is due to Tarski [T53; TG87,

Theorem 8.4(iii)]:

(F) If 21 is a relation algebra and x ; y = 1 for some x, y e Fn2t, then 21

is representable.

The statement of (F) is actually equivalent to the semantical completeness

of the formal system £x of [TG87], relative to sentences asserting the exis-

tence of "quasi-projections". (See the footnote, [TG87, p. 242].) This relative

completeness of £* implies that almost all set theories can be formalized in
£x.

The next representation result, from [Ma78, Ma78a], is a direct generalization

ofboth(F)and(E).

(G) If 21 is a relation algebra and J2{x; y: x, y e Fn2t} = 1, then 2t is

representable.

It is obvious that (G) generalizes (F). To see that (G) generalizes (E) one

need merely note that 1' is a functional element, l'~ = 1', and V;x = x.

Thus we have a sequence of ever more powerful representation results: (G)

implies (F) and (E), (E) implies (D), (D) implies (C), and (C) implies (B) rel-

ative to the result that every point-dense semiassociative relation algebra is a

relation algebra. However, (A) stands outside this sequence, and thus is not

a consequence of (G). It is easy to construct arbitrarily large pair-dense rela-

tion algebras which do not satisfy the hypothesis of (G). The construction given

above yields such an algebra whenever T ^ 0.

Incidentally, (D)-(G) all fail for semiassociative relation algebras. A single

finite example suffices to show this for (D), (E), and (G). (See [Ma78a, Example

3(6)(i)(c), p. 64, and pp. 124-125].)  No finite example can be used for (F),
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since every nontrivial semiassociative relation algebra with a pair of conjugated

quasiprojections is infinite. One might expect this difference from the following

observation: Die U satisfies the hypotheses of (F) only if U is infinite, but

ÍReU always satisfies the hypotheses of (D), (E), and (G), even if U is finite.

An infinite example showing that (F) fails for semiassociative relation algebras

was constructed by I. Németi. (See [N86, H.8(ii) and Theorem 17(viii)], or

[N85, Theorem 3.7].)

The fact that (C) can be generalized to (B) suggests an investigation of the

extent to which results for relation algebras hold for semiassociative relation

algebras. More specifically, how much can the associative law be weakened

until the result in question is no longer provable? For some results the asso-

ciative law is not needed at all. The class of nonassociative relation algebras

was therefore introduced in [Ma78a, Ma82] just to have a base for this kind of

study. The definition of this class of algebras is obtained from the definition

of relation algebras by simply deleting the associative law. It turns out that

many (perhaps 80%) of the arithmetical results in [CT51] were proved there,

or could be proved, without any use of associativity. Perhaps another 10% of

those results require only the semiassociative law, and thus hold for all semias-

sociative relation algebras. The remaining 10% require the associative law and

fail in some semiassociative relation algebra. The class of all weakly associative

relation algebras was introduced in [Ma82] for similar reasons. It is the class

of all nonassociative relation algebras which satisfy the weak associative law:

(( 1 ' • x) ; 1 ) ; 1 = ( 1 ' • x) ; ( 1 ; 1 ). It turns out that this class of algebras is exactly

the class for which the relative representation theorem holds (Theorem 5.20 of

[Ma82]). Other results concerning atom structures and complex algebras also

find their natural place in this class, i.e., they hold for all weakly associative

relation algebras but not for all nonassociative relation algebras.

The four classes we have mentioned so far are varieties. (A variety is a

class of algebras axiomatized by a set of identities (universally quantified equa-

tions).) In fact, they form a strictly increasing sequence of varieties: relation

algebras, semiassociative relation algebras, weakly associative relation algebras,

and nonassociative relation algebras. Every result in this paper is stated and

proved for the largest possible variety. In many instances examples are given to

show that the result fails for the next largest variety in the sequence.

Most of the main representation results have already been mentioned, but

to get to them we must pass through many other results, some of independent

interest. We shall mention a few of them here as part of a description of the

contents of the paper.

In §2 we present the definitions of 5He U , &bU, the four varieties of alge-

bras mentioned above, representability and related concepts, and the class of

representable relation algebras.

Sections 3 and 4 contain all the arithmetic needed for later results. For

example, in §3 we show that the first identity below holds in every nonassociative

relation algebra, while the remaining four hold in every semiassociative relation
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algebra:

i = i; l,

(x;y); (z; l)=x; (y; (z; 1)),

((l;x);y);z = (l;x); (y; z),

(x; (y; 1)); z = x; ((y; 1); z),

(x; (l;y)); z = x; ((l;y); z).

The last four equations are special cases of a much more general theorem, which

states that if 21 is a semiassociative relation algebra, then any rearrangement of

parentheses is possible in a term of the form xQ; ... ; xa_l, assuming that one

of the xK'sis 1. For example, (((w ; x) ; y); 1); z = w; (x; (y; (I; z))). Thus,

even though a semiassociative relation algebra 21 may not satisfy the associative

law, many of the consequences of that law will hold in 21. It turns out that the

proof of this associativity theorem for semiassociative relation algebras can be

based entirely on the fact that every semiassociative relation algebra satisfies

the five identities above. The associativity theorem is therefore obtained in §4

as a corollary of a similar result concerning a special class of groupoids with

a distinguished element 1, whose axioms are exactly the five identities above.

The resulting associativity theorem for these special groupoids can be applied

to cylindric algebras as well.

In §5 we show how the fundamental theorems about ideal elements, rela-

tivizations, and homomorphisms that are true for relation algebras carry over

to semiassociative relation algebras, but not to weakly associative relation al-

gebras. In particular, simplicity is characterized by a universal sentence for

semiassociative relation algebras just as it is for relation algebras, so subalge-

bras of simple semiassociative relation algebras are also simple.

Section 6 contains two important results about representability and complete

representability. First, we show that for relation algebras which have "finite

products" the two concepts coincide. Second, we derive a necessary and suf-

ficient condition for representability, namely that the algebra be embeddable

in an atomic nonassociative relation algebra which has an cu-dimensional rela-

tional basis. Relational bases and the basic facts about them are reviewed in

that section. To get the second theorem we use Monk's results in [Mo70] on

the existence of completions of relation algebras.

In §7 we define points, pairs, twins, functional elements, and identity atoms,

and prove many things about them. That section contains generalizations of

some theorems in [J82] and [SS85]. There is only one theorem in that section

which holds for relation algebras but not for semiassociative relation algebras.

This is exactly where to look to see why the algebra in (A) must be a relation

algebra.

In §8 we study point-density and pair-density. Highlights from this section:

every point-dense semiassociative relation algebra is a relation algebra; every

simple pair-dense relation algebra is atomic; every simple pair-dense relation

algebra has an co-dimensional relational basis.
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The concluding §9 contains all the representation results discussed above.

One of the corollaries obtained there is

(H) 21 = 9tePt2l iff 21 is a simple complete point-dense semiassociative

relation algebra.

This result generalizes Theorem 11 of [SS85] from relation algebras to semias-

sociative relation algebras. It also shows that one of the hypotheses of Theorem

11 is redundant. It is not necessary to assume that 21 is atomic. The authors of

[SS85] state that their Theorem 11 "simplifies the proof of a similar result given

in a somewhat different environment by Maddux and Tarski". (The "similar

result" is theorem (E) above.) Although Theorem 11 of [SS85] can be easily

derived from theorem (E), in a way similar to the proof of (C) from (E), it is

not possible to go the other way around. Theorem (E) applies in a strictly larger

class of algebras than Theorem 11 of [SS85]. It yields the representability of

complex algebras of groups, but Theorem 11 does not. Thus it is not clear what

the authors of [SS85] had in mind.

2. Preliminaries

In this section we define the classes of algebras with which we are concerned,

and review some of their theory.

Definition 1. Let 21 = {A, +, -, ~, 0, 1, ; , w, 1') be an algebra with

binary operations +, •, and ; , unary operations ~ and w , and distinguished

elements 0, 1, and 1 '. Then 21 is a nonassociative relative algebra if

(A,+,-,", 0, 1) is a Boolean algebra (called the Boolean part of 21), 21 sat-

isfies the identity law
(IL) x = x; 1'= l';x,

and 21 satisfies the cycle law

(CL) x • y ; z = 0 iff y • x ; z = 0 iff z • y ; x = 0.

NA is the class of all nonassociative relation algebras. Let 21 e NA. Then 21 is

a weakly associative relation algebra if it satisfies the weak associative law

(WL) ((x-l');l);l = (x.l'); 1.

21 is a semiassociative relation algebra if it satisfies the semiassociative law

(SL) (x;l); l=x;l.

21 is a relation algebra if it satisfies the associative law

(AL) (x;y);z = x;(y;z).

WA, SA, and RA are the classes consisting of all weakly associative relation

algebras, all semiassociative relation algebras, and all relation algebras, respec-

tively.  If 21 e NA, then 0' = 1'" .  The elements  1' and 0' are called the

identity element and diversity element of 21, respectively.

We will use "NA", "WA", "SA", and "RA" as abbreviations for the phrases

"nonassociative relation algebra", "weakly associative relation algebra", "semi-

associative relation algebra", and "relation algebra", respectively.
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Parentheses will be omitted from expressions involving operations in a NA

according to the convention that the operations should be performed in the fol-

lowing order: w, ~ , ; , •, + . When the same binary operation occurs several

times, the calculation should proceed from left to right. Thus, for example,

x;y;z = (x;y);z.

The cycle law is a more symmetrical way of stating De Morgan's Theorem K

[D1864], mentioned in the Introduction. (Replace z by z, rearrange variables,

and convert equalities to inequalities using Boolean algebra.) It was shown in

[CT51] that relation algebras can be axiomatized by the IL, CL, and AL. This

axiomatization was used in [JT52].

Note that the WL is a special case of the SL, so we obviously have NA D

WA D SA. It turns out that 1 = 1 ; 1 in any NA, so that the WL and the SL are

also special cases of the AL. Furthermore, although these classes are not defined

using equations (since the cycle law has the form of equivalences), they happen

to be definable using equations. An equational definition for RA appears in

[CT51], and equational definitions for NA, WA, and SA can be obtained from

that one by eliminating the associative law, or replacing it with WL or SL.

Theorem 2. (i) NA, WA, SA, and RA are finitely based equational classes.

(ii) NA2WA2SA2RA.

Proof. For part (i) see Theorem 1.5 of [Ma82]. For part (ii) see Theorems 1.3,

1.14, 2.6, and 3.7 of [Ma82].   D

Definition 3. For any equivalence relation E, let

6bE = (SbE,U,n, ~E,0,E,\, "l,IdFd£),

where, for all R, S c E,

SbE = {R:RCE},

Fd E = {x : for some y, (x, y) e E or (y, x) e E),

IdFd£ = {(x,x):x eFdE},

R~E = E~R,

R\S = {(x, z) : for some y, (x, y) e Rnd (y, z) e S),

R'1 = {(y,x):(x,y)eR}.

Note that SbE is closed under U,n, , , and |. 6bE is the (relation)

algebra of subrelations of E. For any set U, let

mzU = 6b(Ux U).

ÍHe U is the (relation) algebra of relations on U .

Definition 4. Let 21 € NA and let E be an equivalence relation A function R

mapping A into Sb E is a representation of 21 over E if R is an isomorphic

embedding of 21 into GbE.  In case E = U x U for some set U, we also
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say R is a representation of 21 over U. The representation R is complete if it

preserves all (possibly infinite) joins (and hence all meets). 21 is representable

if there is a representation of 21 over some equivalence relation E, and 21 is

completely representable if there is a complete representation of 21 over some

equivalence relation.  RRA is the class of all representable NA's.

There are representable relation algebras which are not completely repre-

sentable. Thus they have representations, but no complete representations.

(There are examples of such algebras in [Ma78a, L50].) For many algebras,

however, the notions of representability and complete representability coincide.

This is true for all finite algebras, and, as shown in §6, it is also true for any

atomic algebra which has "finite products," i.e., the number of atoms below

x ; y is finite whenever the number of atoms below x + y is finite.

Theorem 5. (i) RRA Ç RA,

(ii) RRA is the smallest equational class containing {dKzU: U is a set},

(iii) RRA is not finitely axiomatizable,

(iv)  RRA is recursively axiomatizable.

Proof. It is easy to check that RRA ç RA. The fact that the inclusion is proper

was first proved by Lyndon [L50]. Part (ii) is due to Tarski [T55]. Part (iii) was

proved by Monk [Mo64], using the connection between relation algebras and

projective geometries discovered by Lyndon [L61]. A recursive axiomatization

of RRA was constructed by Lyndon [L56].   D

3. Elementary arithmetic

In this section and the next we develop the elementary arithmetic of NA's,

WA's, and SA's to the extent necessary for later results in this paper. For each

of these three classes this section contains theorems collecting various identities

and implications for arbitrary elements and for atoms. The most extensive

source of arithmetical results for relation algebras is [CT51]. Other good sources

are [J82, JT52, Ma82].
The notions of complete additivity and normality for operators on Boolean

algebras are defined in [JT51, Definition 1.1]. The next theorem states that ;

and w are completely additive and normal in every NA.

Theorem 6. Let 21 e NA.

(i) For all X,Y CA, ifJ^X and £ F exist, then £{x; y- x e X, y e Y}

also exists, and £ X ; £ T = £{x ; y : x e X, y e Y} .

(ii) x ; 0 = 0 = 0 ; x for every x e A.

(iii) For every X ç A, if £ X exists, then £{x : x e X} also exists and

(£ïT = £{*:*eX}.

(iv) 0 = 0.

Proof. Parts (i) and (ii) follow from Theorem 1.10 of [Ma82]. Parts (iii) and
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(iv) follow from Theorem 1.11 of [Ma82]. All four parts also follow from

Theorems 2.3, 2.4, 2.4", 1.11, and 1.6 of [CT51] (whose proofs do not use

associativity).   □

The next definition gives relation algebraic analogues of the domain and range

of a binary relation [Ma82, 5.10].

Definition?. Let 21 e NA. For any x e A let x  = V-x; x and xr = l'-x; x.

Now we turn to elementary laws for NA's that do not involve arbitrary joins or

atoms. Parts (i)-(xvi), (xix)-(xx), and (xxvii)-(xxix) of the following theorem

were first proved for relation algebras in [CT51].

The proofs in [CT51] for parts (i)-(xv) and (xxviii) do not use associativity,

and can serve as proofs for the corresponding parts below. In addition, parts

(i)-(xvi) are proved without associativity in [Ma82].

There is an essential but unmentioned use of associativity in Theorem 2.8

of [CT51], which states that the identity a; b • c < a; a; c holds in every RA.

This identity happens to hold in every SA, but fails in some NA. However, the

identity a ; b • c < a ; (a ; c) holds in every NA. This alternative form (which

follows from 1.22 and 2.7, the theorems quoted in the proof of 2.8), together

with the second law of duality (Theorem 1.24 of [CT51]) can be used to prove

2.9 of [CT51]. Theorem 2.10 (which coincides with part (xix) below) is proved

in [CT51] by an appeal to 2.9, and therefore has a proof not using associativity.

The same is true for Theorem 3.3, which also uses 2.9, and for part (xx), which

is mentioned after Theorem 2.10 in [CT51].

Part (xvi) coincides with Theorem 3.12 of [CT51] (and with 1.13(15) in

[Ma82]). The proof of 3.12 in [CT51] uses 3.1 l(i). The proof of 3.1 l(i) makes

essential use of associativity by an appeal to 2.8. The alternative form of 2.8

can be used instead, but certain other changes need to be made; see the proof

of 1.13(15) in[Ma82].

The three conclusions of part (xxix) follow from Theorems 3.27, 3.26, and

4.1 of [CT51], respectively. The proof of 3.27 uses associativity via 2.9, but

the use of associativity in the proof of 2.9 is easily avoided, as was explained

earlier. The proof of 3.26 uses 3.24, and this latter theorem fails in some NA.

However, associativity is required only to show that 3.24(ii) implies 3.24(i).

The equivalence of 3.24(i) and 3.24(iii) is all that is needed in the proof of

3.26, so the proof of 3.26 in [CT51] does not really use associativity. The third

conclusion of part (xxix) follows from the equivalence of 4.1 (i) and 4.1 (iii).

The proof in [CT51] that 4.1 (i) implies 4.1 (iii) uses only the equivalence of

3.24(i) and 3.24(iii), and hence does not use associativity. The fact that 4.1 (iii)

implies 4.1 (i) is not stated in (xxix), but it is used later in this paper. The proof

that 4.1 (iii) implies 4.1 (i) in [CT51] has two unmentioned uses of associativity,

in lines 12 and 16, page 368. Both of these uses can be easily eliminated by

slight modifications.
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Theorem 8. Let 21 € NA. Then for all v , w, x, y, z e A :

(x + y); z = x; z+y; z,

x;(y + z)=x;y + x;z,

if w < x and y < z, then w; y < x; z,

x < x ; 1, x < 1 ; x, and x < 1 ; x ; 1,

l = l;l.

x; y • z < x; (y • x; z),

x;y-z<(x-z;y);y,

(x + yy =x + y,

x <y iffx<y,

(x-y)~ = x-y,

X = X,

0~ = 0, lw = 1, l'~ = I', and 0'" = 0',

if x < V, then x = x,

(x;y)~=y;x,

if x, y < V then x • y = x ; y,

if x < V then x; (y ■ z) = x; y ■ z = y • z ■ x; 1  and (y • z); x =

y;x-z = y-z-l;x,

if x, y < V then x; l;y = x;0';y + x-y,

x -y•z<x;y ;z,

i>-ic-x-y-z<w;ii;;x;y; z,

x   = 1'-x; x = 1'-x; 1 = 1'• 1 ; x,

xr = l'-x;x= l'-l;x= l'-x; 1,

(x)  = x   and (x)r = x ,
_     d .       _      .     r

•A   *—* -A     ^  .A   — ^ ^ ^V    j

if x < V then x = x  = xr,

z/x; 1 ; x < 1' Z/zezz x<l',x;0';x = 0, x;l;x = x,

if x ; 0' ; x ; 0' ; x < V then x < V,

x;x<0',x;x<0',x;x<0\ and x ; x < 0',

if x = x ; 1 = 1 ; x, then x = x, x = x ; 1 = 1 ; x, and x • y ; x =

(x-y);   (x-z).

Proof. Parts (i)-(xvi) and (xxiii)-(xxv) are proved in Theorems 1.4, 1.13, and

5.11 of [Ma82].

(xvii): Assume x < V.  The proof of the first group of identities goes as

follows.
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x; (y-z)<l';y-l';z-x; 1    (iii), at < 1'

= y • z • x ; 1 IL

<z-x;(l-x;y)       (vi)

<z-x;(l'";y)        (iii), (ix), x < 1'

= z ■ x;y (xii), IL

< x ; (y • x ; z) (vi)

= x;(y-z) (iii), (ix), (xii), IL, x < 1'.

The second group of identities can be easily derived from the first group by

using parts (x), (xiii)-(xv).

(xviii): Assume x, y < 1'. Then

x; l;y =x;0';y + x; l';y    (i), (ii)

= x; 0'; y-l-x-y IL, (xvi).

(xix):

x-y • z =(x-y • z);Y IL

<(x-y-z); (l'-(x-y-z)w;(x-y-z))    (vi)

<x;y;z (iii), (ix).

(xx): Use parts (iii) and (xix) twice.

(xxi):

x  = 1' -x; x < 1' -x; 1 (iii)

<l'-x;(l-x; 1') (vi)

= l'-x;x (IL)

<l'-l;x (iii)

<l'-(l-l';x^);x (v)

= 1' • x; x IL, (xiv).

(xxii): The proof is similar to that of part (xxi).

(xxvi): If x; 0';x < 1', then

x • 0' < (x • 0') ; (x • 0')" ; (x • 0')    (xix)

<x; 0'; x (iii), (ix), (xii)

<r,

so x < 1'. Hence x;0';x < 1' • 1'; 0'; 1' = 1' • 0' = 0 by part (iii) and IL.

Finally, by part (xviii), x; l;x = x;0';x-l-x = 0-)-x = x.
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(xxvii): The proof is similar to the first part of the proof of (xxvi), but uses

part (xx) in place of (xix).

(xxviii): By the identity law, 0 = x • x = x ; 1' • x, so 0 = x ; x • 1' by the

cycle law. Thus x ; x < 0'. The other inequalities can be obtained similarly.

(xxix): Assume x = x ; 1 = 1 ; x. Then

x <x; x; x (xix), (xiv)

<l;x;l=x;l=x    (iii),

so x = x by parts (ix) and (xiv). Note that 0 = x-x = x; 1 -x, so 0 = x; 1 -x

by the cycle law and part (xii). Thus x; 1 < x , and, similarly, 1 ; x < x. The

opposite inclusions hold by part (iv), so x = x ; 1 = 1 ; x . Finally,

x-y; z<x-y;(z-y;x) (vi)

< x • y ; (z • 1 ; x) = x • y ; (z • x) (iii)

<(y-x; (z-x)w); (x-z) (vii)

<(y-x; 1); (x-z) = (x-y); (x • z) (iii)

< x ; 1 • y ; z (iii)

= x-y; z.   D

If any identity holds in a nonassociative relation algebra 21, then so does

the dual of that identity. The dual of an identity is obtained by replacing

every subterm of the form x ; y by y ; x . For example, the dual of the SL is

1 ; (1 ; x) = 1 ; x . The dual of an identity can be proved by using that identity

together with parts (xiv) and (xv). (This is the "second dual" of [CT51, p.

349].)   The proof of the dual of the SL is  1 ; (1 ; x) = 1~~ ; (lww ; x~~) =

(x; 1"; 1")" = (x; 1")" = t~;xww = l;x. (See Theorem 1.24 of [CT51],

the "second law of duality".)

Definition 9. Let 21 e NA. Then At 21 is the set of atoms (of the Boolean part)

of 21.

Theorem 10. Let 21 G NA.

(i) If xe At2l then x e At2t.

(ii) // x, y, z e At 21 then x < y ; z iff y <x; z iff' z < y ; x.

Proof. Part (i) is Theorem 3.4 of [Ma82], and also Theorem 4.3(xxi) of [JT52],

whose proof depends on proofs in [CT51] which do not use associativity. Part

(ii) is an immediate consequence of the cycle law.   D

Theorems 11-12 below contain results which hold in all relation algebras but

which do not appear in either [CT51] or [JT52]. Their proofs require associa-

tivity, since they do not hold in every NA. The weak associative law suffices for

their proofs, so they hold in every WA. Theorem 11 is used to prove Theorem

12, and Theorem 12 will be used much later in this paper.
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Theorem 11. Let 21 e WA. Then for all x, ye A:

(i) xd; 1 =x; 1; 1 =x; 1; 1; 1 and 1 ; x = 1 ; (1 ; x) = 1 ; (1 ; (1 ; x)),

(ii) xd = (x ; 1 )   and xr = ( 1 ; x)r,

(iii) if x < y ; 1 then x  < y , and if x < 1 ; y, then xr < y .

Proof. By duality, we need only prove the first half of each part.

(i): xd; l=(l'-x;x); 1

<x; 1 ; 1 Theorem 8(iii)

< x ; 1 ; 1 ; 1 Theorem 8(iv)

= x ; x; 1 ; 1 ; 1 Theorem 8(xxiv)

< x ; 1 ; 1 ; 1 ; 1 Theorem 8(iii)

<xd;l;l;l WL

<xd;l;l WL

<xd;l WL.

(ii): (x; 1)   =l'-x;l;l Theorem 8(xxi)

= l'-xd;l (i)

= x Theorem 8 (xxi)

= x Theorem 8 (xxv).

(iii): Assume x < y; 1.  Then, by part (ii) and Theorem 8(iii)(ix), we have
*d<(y;l)d=yd.   □

Richard L. Kramer discovered that the identity x;l;l=x;l;l;l and its

dual hold in every WA.

Theorem 12. Let 21 6 WA. Then for all x, y e At 21 :

(i) xd,xr e At2t,

(ii) xd = y iff y < V and y ; x = x .
(iii) xr = y iff y < V and x ; y = x,

(iv) if x ; y ,¿ 0 then x' = y ,

(v) if x < y ; 1 then x  = y ,
(vi) if x < l; y then xr = y .

Proof. For parts (i)-(iii), see [Ma82, Theorem 5.12]. The proofs of parts (iv)-

(vi) are very similar. We only prove (v). Suppose x < y ; 1. By Theorem

8(iii)(ix) and Theorem 1 l(ii), xd < (y ; l)d = yd, by xd, yd e At2l by part (i),
d d        ,-,

so x  =y .   D

The identities in Theorem 13 require the semiassociative law, since they do

not hold in every WA. Part (i) does not appear in [CT51] or [JT52], but does



100 R. D. MADDUX

appear in [TG87, 3.2(xvi)]. Part (ii) follows from the semiassociative law and

the proof of Theorem 5.2 of [CT51]. Parts (iv)-(vi) are trivial consequences of

full associativity.

Theorem 13. Let 21 e SA. Then for all x, y, z e A :

(i) (x • y ; z) ; 1 = (y • x ; z) ; 1 and 1 ; (x • y ; z) = 1 ; (z • y ; x),

(ii) x ; y • 1 ; z = x ; (y • 1 ; z) and x ; y ■ z ; 1 = (x • z ; 1) ; y,

(iii) (x- l;y); z = x; (z-y; 1),

(iv) x ; y ; 1 = x ; (y ; 1) and 1 ; x ; y = 1 ; (x ; y),

(v) x;y; (z; 1) = x; (y; (z; 1)) and 1 ; x; y ; z = 1 ; x; (y ; z),

(vi) x; (y; 1); z = x; (y; 1; z) and x; (l;y); z = x; (l;y; z),

(vii) 1; (l;x; 1); 1 = 1; x; 1,

(viii) l;(l;x;ir;l = (l;x; 1)".

Proo/. To prove (i), (ii), (iv), (v), and (vi) we need only prove the first identity

in each case, since the second identity follows from the first by duality.

(i): (x • y ; z) ; 1 < (y ■ x ; z) ; z ; 1 Theorem 8(iii)(vii)

< (y • x ; z) ; 1 ; 1 Theorem 8(iii)

<(yx;z);l SL

< (x • y ; zw~) ; z ; 1 Theorem 8 (iii) (vii)

< (x • y ; z) ; 1 ; 1 Theorem 8(iii)(xiv)

<(x-y; z); 1 SL.

(ii): x; y • 1 ; z =x; (y-x; (1 ; z))     Theorem 8(vi)

< x ; (y • 1 ; (1 ; z))     Theorem 8(iii)

= x ; (y • 1 ; z) dual of SL

< x ; y • 1 ; ( 1 ; z)        Theorem 8(iii)

< x ; y • 1 ; z dual of SL.

(iii):

(x • 1 ; y) ; z < (x • 1 ; y) ; (z • (x • 1 ; y)w ; 1 ) Theorem 8(vi)

<x; (z-y; 1; 1) Theorem 8(iii)(ix)(xii)(xiv)(xv)

<x;(z-y;l) SL

< (x • 1 ; (z -y ; l)w) ; (z -y ; 1) Theorem 8(vii)

< (x • 1 ; (1 ; y)) ; z Theorem 8(iii)(ix)(xii)(xv)

<(x-l;y);z dual of SL.
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(iv): x;y; 1 =(l-x;y); 1

= (x-l;y);l    (i)

= x;(l-y;l)    (iii)

= x;(y;l).

(v): x;y; (z; l)=x;y; z; 1 (iv)

= (1 -x;y; z); 1

= (x;y- I; z); 1        (i)

= x; (y- 1; z); 1        (ii)

= x;((yl;z);l) (iv)

= x;((l-y;z);l) (i)

= x;(y;z;l)

= x;(y;(z;l)) (iv).

(vi): x; (y; 1); z=x;y; 1; z (iv)

= x;y; 1 • 1; z (ii)

= x; (y; 1)- 1; z (iv)

= x ; (y ; 1 • 1 ; z) (ii)

= x; (y; 1; z) (ii).

(vii): By part (iv) and Theorem 8(v).

(viii): By part (vii) and Theorem 8(iv)(xxix).   □

4. Associativity in groupoids

In this section we will prove a general associativity result for semiassocia-

tive relation algebras. This result is a consequence of just Theorems 8(v) and

13(v)(vi). Thus it has independent interest as a result above associativity in

groupoids having a distinguished element. Of course, all uses of Theorem 25

later in this paper could be replaced by short derivations involving 8(v) and

13(iv)(v)(vi). (As shown below, Theorem 13(iv) follows from 8(v) and 13(v).)

Definition 14. A groupoid with distinguished element is an algebra of the form

21 = (A, 1, ; ) where 1 e A and ; is a binary operation on A . Let GD be the

class of all groupoids with distinguished element.

Definition 15. For every 21 e GD, let P be the unique function which maps

finite sequences of elements of A to subsets of A, i.e., P : (U"=o "^) ~*

Sb (^4), and which satisfies the following conditions:
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P(x) = {x} for every x e A,

P(x0,...,xn_{) = {y;z:y e P(x0, ...,xm_,),  z e P(xm,..., xn_x),

0 < m < n}, whenever x0, ... , xn_1 e A.

The notation P(x0, ... , xn_,) will be often used in place of the notation

1   (x0, ... , xn_1) if the algebra involved is not rele

context. The simplest cases of the definition of P are

j°( '(xQ, ... , xn_x) if the algebra involved is not relevant or else clear from

P(x) = {x},    P(x,y) = {x;y},    P(x, y, z) = {(x; y); z, x; (y; z)},

P(w ,x,y,z) = {w;x;y;z,w;x;(y;z),w;(x;(y;z)),

w;(x;y; z),w;(x;y); z}.

Definition 16. Let GA be the class of 2t = (A, 1, ; ) e GD such that, for all

x,y,z eA :

(Al) 1 = 1; 1,
(A2)  1 ; x ; y ; z = 1 ; x ; (y ; z),

(A3) x; (l;y); z = x; (l;y; z),

(A4) x; (y; 1); z = x; (y; 1; z),

(A5) x;y;(z; 1) = x; (y ; (z; 1)).

Algebras in GA are "groupoids with some associativity".

Lemma 17. Let 21 e GA. Then for all x, y e A:

(i)  l;x;y = 1; (x;y),

(ii) x; l;y = x; (l;y),

(iii) x;y;l=x;(y;l).

Proof. Part (i) follows from (Al ) and (A2): I ; x; y = 1 ; 1 ; x ; y = 1 ; 1 ; (x ; y)

= 1 ; (x ; y). Similarly, part (ii) follows from (Al) and either (A3) or (A4), and

part (iii) is a consequence of (Al) and (A5).   D

Lemma 18. Suppose 21 e GA, and 1 e {w , x, y, z) ç A . Then \P(w , x, y, z)\
= 1.

Proof. We must show that the five elements of P(w , x, y, z) coincide in each

of these four cases: w = l,x=l,y=l, and z = 1.

1 ; (x ; (y ; z)) = 1 ; x ; (y ; z) Lemma 17(i)

= l;x;y;z (A2)

= 1 ; (x ; y) ; z Lemma 17(i)

= l;(x;y;z) Lemma 17(i).
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w ; 1 ; y ; z =w

= w

= w

= w

w; (x; (1; z)) =w

= w

= w

= w

w; x; y; 1 =w

= w

= w

= w

(1 ; y); z Lemma 17(ii)

(i;y;z) (A3)

(1 ; (y ; z)) Lemma 17(i)

1 ; (y; z) Lemma 17(ii).

(x; 1 ; z) Lemma 17(ii)

(x;l);z (A4)

x; 1 ; z Lemma 17(iii)

x; (1 ; z) Lemma 17(ii).

x; (y; 1) Lemma 17(iii)

(x;(y;l)) (A5)

(x;y; 1) Lemma 17(iii)

(x;y); 1 Lemma 17(iii).   n

Definition 19. For every 21 e GD , let T(2l) = {x ; 1 ; y : x, y e A} .

Note that T(2l) = {x ; (1 ; y) : x, y e A} by Lemma 17(ii).

Lemma 20. Let 21 e GA. Then

(i) ler(2l),
(ii) if x e T(2l) then x ; y e T(2t) and y ; x e T(2l) for every y e A.

Proof. Part (i) follows immediately from (Al). For part (ii), assume x € T(2t).

Then there are v, w e A such that x = v ; I; w . For every y e A, Lemma

18 implies

x ; y = v ; 1 ; w ; y = v ; 1 ; (w ; y) e T(2t),

y ; x = y ; (v ; 1 ; w) = (y ; v) ; 1 ; w e T(2l), D

Lemma 21. Suppose 2leGA, x,y,ze^4, îzzzû? T(2l) n {x, y, z} ^ 0 .  77ze«

|P(x, y, z)| = 1, i.e., x;y; z = x;(y; z).

Proof. By the assumptions, there are v , w e A such that v ; 1 ; w e {x, y, z} .

The following derivations for the resulting three cases use various instances of

Lemma 18.

If v ; 1 ; w = x, then

x;y; z=v; l;w;y; z

= v; 1; (w;y); z \P(v, l,w,y)\ = I

= v; (1; (w;y); z) \P(v , 1, w ; y, z)\ = 1

= v;(l;w;(y;z)) \P(l, w , y, z)\ = I

= v; l;w; (y; z) \P(v, l,w,y; z)\ = 1

= x; (y; z).
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If v ; 1 ; w = y, then

x;y; z=x; (v ; l;w);z

= x;v;l;w;z \P(x , v , 1, w)\ = 1

= x;v;l;(w;z) \P(x;v,l,w,z)\ = l

= x;(v;l;(w; z)) \P(x, v , l, w; z)\ = l

= x;(v;l;w; z) \P(v, l, w , z)\ = l

= x;(y; z).

Finally, if v ; 1 ; w = z, then

x;y;z=x;y;(v;l;w)

= x;y;v;l;w \P(x; y, v, l, w)\ = l

= x; (y;v; l);w \P(x, y, v, l)\ = 1

= x;(y;v;l;w) \P(x, y ; v , 1, w)\ = 1

= x;(y;(v;l;w)) \P(y, v , l, w)\ = l

= x;(y;z).   D

Lemma 22. Suppose 2t 6 GA and y e T(2t).   Then for ail u, v , w , x0, ... ,

xn-\ e A>

u;(v;w);x0;...; xn_, ; y = u; v ; w; x0; ... ; x„_, ; y.

Proof. The proof is by induction on zz. Suppose zz = 0, i.e., there are no x^'s.

Note that w ; y e T(2l) by Lemma 20(ii). Hence,

u ; (v ; w) ; y = u ; (v ; w ; y) Lemma 21, y e T(2l)

= u; (v ; (w ; y)) Lemma 21, y e T(2l)

= u ; v ; (w ; y) Lemma 21, w ; y e T(2t)

= u ; v ; w ; y Lemma 21, y e r(2t).

Now we assume the lemma holds for zz, and show that it also holds for n + l.

We have xn ; y e T(2l) by Lemma 20(ii), so we get

u;(v;w);x0; ... ;xn_x;xn;y

= u;(v;w);x0;...; xn_x ; (xn ; y) Lemma 21, y e T(2l)

= u; v ; w ; xQ; ... ; xn_l; (xn; y) inductive hypothesis

= u;v;w;x0; ...;xn_i;xn;y Lemma 21, y e T(2l).   D

Lemma 23. Suppose 21 e GA and x0, ... , xn_x e A. If T(2l)n {x0, ... , xn_,}

7^0, then \P(xQ,... ,xn_{)\ = 1.

Proof. Use induction on zz. If zz = 1 or zz = 2, then the conclusion obviously

holds, even if the hypothesis does not. So we will assume the lemma holds for

a given zz > 2, and show that it also holds for zz + 1. Notice that P(a) has the

following fundamental property.
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n-1

P(x0,... , xn) = yj P(x0, ... , xm_l, xm ; xm+l, xm+2, ... , xn)
(1) w=0

= r(Xq , Xj , X2 , ... , Xn) U r (Xq , Xj , X2 , X^ , ... , Xn)

U---UP(x0,...,xn_2,xn_l;xn).

Since we are assuming the lemma holds for zz, (1) yields

.r(Xq ,..., xn) = {Xq ; x¡ ; x2 ;... ; xn\

(z.) U \xo ' vi '    2> '    3 ' • ■ ■ ' "^«J

U---U{x0;...;x„_2;(xn_1;xJ}.

The proof will therefore be complete if we manage to show, whenever 0 < m <

n, that

(3) Xq ; x, ; ... ; xn = x0 ; ... ; xm_, ; (xm ; xm+l) ; xm+2 ; ... ; xn.

By hypothesis,   T(2l) n {x0, ... , xn} # 0, so assume y € T(2l)  and y e

{Xq , ... , xn} . We now consider two cases.

If y e {x0, ... , xm+l} , then, by Lemma 20(ii),

r(2t)n{xo;...;xm_1,xm,xw+1}^0,

so, by Lemma 21,

(4) Xq ; ... ; xm_, ; (xm ; xm+l) = x0 ;... ; xm_i ; xm ; xm+l,

and (3) follows immediately from (4).

If y € {xm+2, ... , xn}, say y = xk e T(2t) with m + 2 < k < n, then, by

Lemma 22,

,~\ x0;... ; xm_x ; (xm ; xm+i); xm+2 ; ... ; xk

= xQ;... ; xm_[ ; xm ; xm+1 ; xm+2; ... ; xk,

and (5) implies (3).   D

Theorem 24. Assume Vi = (A, I, ;) e GA, 0 < n < a>, and xQ, ..., xn_1 e

A. If r(2l) n {x0, ... , xn_¡} # 0, z'zz particular, if I e {x0, ... , xn_{}, then

\P{*\x0,...,xn)\ = l.

Proof. This theorem follows immediately from Lemma 20(i) and Lemma 23.   D

Theorem 25. // 21 = (A, +, ■, " , 0, 1, ; , w, 1') 6 SA, then (A, 1, ; ) e GA.

If0<n<œ, Xq, ... ,*„_, eA, and Y((A, 1, ; ))n{x0, ... , xn_,} ¿0, in

particular, if I e{x0, ... , xn_,}, then \Pm(x0, ... , xn_x)\ = 1.

Proof. By Theorems 8(v), 13(v)(vi), and 24.   D

Theorem 24 also has applications to cylindric algebras. It can be shown that

if £ is a cylindric algebra of dimension 3 or more, and the operation ; is defined

on € by
,    i      o .

x;y = (c2s2x-s2y)
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for all x, y e C, then (Nr2<£, 1, ; ) e GA. For a more general result, suppose

5? is a diagonal-free cylindric algebra of dimension 3 or more, e0 and e{ are

two elements of 2) such that c0e0 = e0 and cxex = ex, and the operation ; is

defined by

x;y = (c2Ci(<?0-x)-c0(i?ry))

for all x, y e D. Then (Nr2D, 1, ; ) e GA. Some of the derivations involved

in proving this appear in [Ma81]. The previous result follows from this one

when e0 = d,2 and e, = d02. In both cases we may apply Theorem 24 to

obtain a general associativity result. For dimension 4 or more, there is no point

in doing this, since the operations defined above are associative when restricted

to Nr2£ or Nr2J). However, they may not be associative for dimension 3. (See

3.2.69 and 5.3.8 of [HMT85].)

5. Ideal elements, relativizations, and homomorphisms

Definition 26. Let 21 e NA. Then

(i) le 21 = {x : x e A, x = x ; 1 = 1 ; x},

(ii) Sr2l = {x: x e A, x = x = (V -x); x}.

The elements of Ie2l are called ideal elements of 21, and the elements of Sr2l

are called symmetric-reflexive elements of 21.

Ideal elements were originally introduced for relation algebras; see [CT51,

Definition 3.23]. The only ideal elements in Die U are 0 and U xU. To get a

less trivial example of ideal elements, let U and V be disjoint nonempty sets.

Set E = (UxU)U(VxV). Then the ideal elements of 6bE are 0, U x U,

KxK.and (UxU)U(V xV).

Symmetric-reflexive elements are introduced in Definition 5.4 of [Ma82].

They play an important role in the relative representation theorem for WA

(Theorem 5.20 of [Ma82]). For any nonempty set U, a relation R is in Sr Die U

just in case R is symmetric, reflexive over its field, and its field is a (possibly

proper) subset of U. By a "reflexive relation" we mean one that is reflexive

over its field (as in [Me87, p. 6], or [K55, p. 9]). Note that 0 is reflexive in

this sense.

Definition 27. Let 21 € NA and z e A. Then Rlz2l = {x: z > x e A} and

Wz2l=(Rlz2l,+,-, "z,0,z, ;z, ~z, l'z)

where, for all x, y e A ,

x     = x ■ z,    x;  y = (x; y) • z,    x    = x • z,     1    = 1 • z.

9ilz2l is the relativization of 21 to z .

Relativization and symmetric-reflexive elements are connected in the follow-

ing way. Suppose 21 G NA and z e A. Then Wz2l e NA iff z e Sr2l.

Furthermore, if 21 G WA, then 9tlz2l e WA. Thus WA is closed under rel-

ativization to symmetric-reflexive elements.  However, even if 21 e RRA it is
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possible that $Hlz2l £ SA. For example, suppose R e SrSKet/. Then R is a

symmetric and reflexive binary relation, and 9ilz2l is a complete and atomic

WA, but R is transitive iff mRV\t U e SA iff <WA9îe U e RRA. (See [Ma82,

Theorems 5.5, 5.8, and 5.9].) Finally, WA has a characterization in terms of

relativization to symmetric and reflexive relations: every complete and atomic

WA is in {$KlziKery: z e SriHcC/}, and WA = S{9*lziKe£/: z € Sr«Hef7} (by

Theorems 4.2, 5.13, and 5.19 of [Ma82]).

The next theorem states the connection between ideal elements, relativiza-

tions, and homomorphisms for nonassociative relation algebras. It was proved

first for relation algebras.

Theorem 28. Let 21 G NA, z e A, and, for x e A, let h(x) = x • z. Then the

following statements are equivalent.

(i) zGle2l,

(ii) h is a homomorphism from 21 onto Wz2l,

(ii) for all x, y e A, x; y • z = (x • z); (y ■ z).

Proof. The equivalence of parts (i) and (ii) is stated without proof in [CT51,

p. 368]. The implication from (i) to (ii) is proved for relation algebras without

any use of associativity in [JT52, Theorem 4.9].

The implication from (ii) to (iii) is trivial.

The equivalence of (i) and (iii) follows from that part of Theorem 4.1 of

[CT51] whose proof has two easily eliminated uses of associativity. (See the

remarks prior to Theorem 8.)   D

The next theorem is taken from [Ma78a, pp. 103-106] and [JT52, Theorem

4.10]. The equivalence of (a) and (y) for relation algebras is due to McKinsey

and Tarski, and is announced without proof in [JT48, result 4]. The equivalence

of (a), (y), and (ô) for relation algebras is also due to McKinsey and Tarski,

and is stated without proof in [CT51, p. 362]. The equivalence of (a), (/?),

(y), and(f5) is proved for relation algebras in Theorem 4.10 of [JT52]. The

part of that proof which shows (a) and (ß) are equivalent uses only those

theorems from [CT51] which are proved without associativity. We therefore

omit the proof of part (i) below. As we shall see, the remaining equivalences fail

for some WA. Hence the proof in [JT52] makes essential use of associativity,

but for each such use the semiassociative law suffices.

Theorem 29. Let 21 G NA. Consider the following four conditions on 21:

(a) for every x e A, if x ^ 0 then 1 = 1 ; x ; 1,

(ß) for all x, y e A, if 0 = x ; 1 ; y then x = 0 or y = 0,

(y)  21 is simple or 0 = 1,

(Ô)  Ie2l = {0, 1}.

(i) Conditions (a) and (ß) are equivalent.

(ii) Conditions (a) and (ß) imply (y), and (y) implies (ô).

(iii) If % is finite, then (y) and (ô) are equivalent.

(iv) If 21 g SA, then (a), (ß), (y), and (ô) are equivalent.
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(v) It is not possible to replace "SA" with "WA" z'zz part (iv). In fact, none

of the implications beyond the ones stated in (i)—(iii) hold in general for

WA's.

Proof, (ii): Assume (a) holds. To prove (y), we assume 0 ^ 1 and show 2t is

simple. Suppose h is a homomorphism of 21 onto some 93 G NA, and h is not

an isomorphism. Then there is some x e A such that x ^ 0 and h(x) = 0. By

(a), l = l;x;l,so I = h(l) = h(l; x; 1) = h(l); h(x); h(l) = l;0; I = 0,
i.e., 93 is the one-element algebra. Thus 21 is simple.

Next, assume (y). We have 0, 1 g le 21 by Theorem 6(ii) and Theorem

8(v), so for (¿>) it will suffice to show that Ie2l has no elements other than

0 and 1. Suppose that z ^ 1 and z e Ie2t. Let h(x) = x • z for every

x G 2t. Then h is a homomorphism on 21 by Theorem 28, and h is not an

isomorphism since z ^ 0 and h(z) = 0. Now 0 ^ 1 since z ^ 1, so 21

is simple by (y), and therefore h must map 21 onto a one-element algebra.

Hence z = h(l) = h(0) = 0. Thus (y) implies (3).

(iii): Assume 21 is finite and (ô) holds, i.e., Ie2l = {0, 1}. If 0 = 1 then

(y) holds, so assume 0^1. Let h be a homomorphism on 21. Let

(1) I = {x:xeA,h(x) = 0}    and    z = J^7.

Note that / is finite since 21 is finite, and / is nonempty since 0 G /. Then

(2) h(z) = h (£/) = J>(*): x e 1} = £{0: x e 1} = 0,

hence h(z; 1) = h(z); h(l) = 0; h (I) = 0, so z; 1 g /. Consequently, z; 1 <

J2I = z> but z < z ; 1 by Theorem 8(iv), so z = z ; 1 . Similarly, z = 1 ; z,

so z G le 21. By (¿), z = 0 or z = 1. It also follows from (1) and (2) that

h(x) = 0 iff x < z. So, if z = 1 , then h maps 21 onto a one-element algebra,

while if z = 0, then h is an isomorphism. Therefore 21 is simple.

(iv): In view of parts (i) and (ii), it will suffice to show (ô) implies (a)

whenever 21 G SA. Accordingly, assume Ie2t = {0, 1} . To prove (a), assume

0 ^ x e A. Then 0 # x < 1 ; x; 1, but 1 ; x; 1 G le21 by Theorem 13(vii), so

l;x; 1 = 1.

(v): For every n < co, let S(n) = {(i,j): i,j < n and \i — j\ < 1},

and set 93 ̂ = RL-.JKen . Clearly S(n) is a symmetric and reflexive relation,

so S(n) e SrfHezz, and 93„ G WA ~ SA when 3 < zz by Theorem 5.9(2) of

[Ma82]. 93 ̂ is obviously complete and atomic, since its universe consists of all

subsets of S(n). We shall see that if 3 < zz < a>, then 93^ is finite and satisfies

(y) but not (a) or (ß), and 93^ satisfies (ô) but not (y).

Let R ç S(n) and suppose R e Ie93n. If (i, j) e R then (z, i) e R

since (z, z) G {{i, j)}\{{j, i)} ç R\S(n) = R, and (j J) e R since (;, ;) G

W, i)}\{(i, j)} Q S(n)\R = R. Also, if (i, i) G R, and (i,j) e S(n),
then (i,j) e R since (i,j) e {(/, i)}\{(i, j)} c R\S(n) = R. It follows

that 0 and S(n) are the only ideal elements of 93n, so 93n satisfies (S).

If n < co, then  93    is finite but nontrivial, and hence is simple by part
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(iii). But (a) fails in 93„ because {(0, 0)} ^ 0, while S(«)|{(0, 0)}\S(n) =

{(0,0), (0,1), (1,0), (1,1)} ¿S(n) since zz>3.

Finally, 93 w is not simple, since there is a nontrivial congruence relation =

on 93 w, which is defined as follows: R = T iff R, T C S(co) and

\(R ~ T) U (T ~ R)\ < co. Obviously = is an equivalence relation. The proof

that = is a congruence relation is fairly straightforward. We will consider just

one case.

Suppose R = T and R' = t. Then R ~ T, T ~ R, R' ~ ?, and

T' ~ R' are finite. To show R\R' = T\T', we must show (R\R') ~ (r|r') and

(T\T') ~ (R\R') are finite. First note that

(r\r') ~ (r|r') g tR|(ü' ~ r')) u ((ä ~ t)\r')

ç (S(œ)\(R' ~ T')) U ((J? ~ r)|S(w))

(more generally, every NA satisfies the identity w; x • (y; z)~ <w;(x-~z) +

(w-y) ; x). Now S(co)\(R' ~ T1) and (R ~ T)\S(co) are finite, because R' ~ T1

and 7? ~ r are finite and every k e (ú has finite 5'(fo))-degree. Hence (R\R') ~

(T|r') is also finite, and so is (T\T') ~ (R\R'), for similar reasons.   D

6. Representability and relational bases

In this section we prove that certain relation algebras are representable iff they

are completely representable (Theorem 33), and that a NA is representable iff

it can be embedded in an atomic NA with an co-dimensional relational basis

(Theorem 37).

Definition 30. For any 21 G NA, Eq 21 = {x : x ; x < x = x G A}. Eq 21 is the

set of all equivalence elements of 21.

An equivalence relation is just a symmetric and transitive relation (as in

[CT51, p. 345] or [HMT71, p. 30]). Every equivalence relation is reflexive and

hence is an equivalence relation on its field. For any equivalence relation E,

Eq6b£ is the set of equivalence relations contained in E. The field of any

R e Eq 6 b E may be a proper subset of the field of E. In particular, for any set

U, R e EqiHe U just in case R is an equivalence relation over some (possibly

proper) subset of U . Note that 0 is such a relation.

The following theorem is noted in a remark preceding Theorem 4.10 in

[JT52].

Theorem 31. If 21 G RA and z e Eq2l, then 9llz2l G RA.

The next theorem shows that if 21 is an atomic RA with "finite products",

then every embedding of 21 into a complete atomic RA 93 can be "relativized"

to a complete embedding of 21 into a relativization (and homomorphic image)

of 93.

Theorem 32. Assume 21 G RA, 21 is atomic, and {w : x ; y > w e At 21} is finite

for all x, y e At 21. Suppose 93 is a complete atomic RA and h is an embedding
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of 21 into 93. Let z = Y.     A* At a, and, for all xeA, f(x) = z ■ h(x). Then
z G Eq93, 9ilz93 is a complete atomic RA, and f is a complete embedding of

21 into «Hlz03.

Proof. First we have

z=(£(*VAt2t)~

= ^2    {(^(y))"' y e At 21}    ; is completely additive

= y~^    {/z(y): y G At2l} h is a homomorphism

< ^(B)/z*At2l Theorem 10(i)

so z = zww < z by Theorem 8(ix)(xiv), and hence z = z . To show z; z < z ,

assume z ; z > zz g At 93 . By the definition of z and the complete additivity

of ;, we have

z;z= J]{/z(x);/z(y):x,yGAt2l}

= £]{/z(x;y):x,yGAt2l}.

Hence there are x,y G At21 such that u < h(x;y). By the assumptions

concerning 21, there are finitely many atoms v0, ... , vn_x such that x; y =

vQ + ••• + »„_!, so

u < h(v0 + ■■■ + vn_x) = h(v0) + ■■■ + h(vn_{).

Hence, for some m < n, u < h(vm) and vm e At2l, i.e.,  u < z.   Thus

z; z < z. From this and z = z we get z g Eq93, and hence 9tlz93 g RA by

Theorem 31.

To show / is a homomorphism we must show, for all x, y e A:

(1) f(x+y) = f(x) + f(y),
(2) f(x-y) = f(x)-f(y),
(3) /(x) = (/(x))-z,

(4) /(0) = 0 and /(l) = z,

(5) f(x;y) = f(x);zf(y),

(6) f(x) = (f(x)rz,
(7) /(l') = l'z.

Now (l)-(4) and (7) follow by Boolean algebra from the fact that h is a ho-

momorphism. For (6) we have

f(x) = z ■ h(x) = z-z'- h(x) = z-(z- h(x)Y = z ■ (f(x)r = (f(x)fz .

For the proof of (5), first note that

f(x);f(y) = (z-h(x));(z-h(y))

<z;z- h(x) ; h(y) <z-h(x;y) = f(x ; y).
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For the opposite inclusion, we begin by assuming f(x; y) > u e At 93. Then

u < f(x; y) = z-h(x; y) < z = £/z*At2l so there is some w e At21 such that

u < h(w). Therefore, 0 ^ u < h(w) • h(x ; y) = h(w • x ; y), so 0 ^ w ■ x ; y

and w < x ; y . By the complete additivity of ; we have

x;y = 2^    {q;r: x > q e At2l,y > r e At2l},

so there must be q, r e At 21 such that w<q;r<x;y,q<x, and r < y.

Therefore h(q) < z • h(x) = f(x) and h(r) < z • h(y) = f(y), so u < h(w) <

h(q; r) = h(q) ; h(r) < f(x) ; f(y). Thus any atom of 93 below /(x; y) is

also below f(x) ; f(y), i.e., f(x ; y) < f(x) ; f(y). This completes the proof

of(l)-(7).

If x G At21, then h(x) ^ 0 since h is one-to-one, and/z(x) < z by the

definition of z , so f(x) = z ■ h(x) = h(x) ^ 0. Thus / is one-to-one.

To show / is complete, assume X ç A and w = ^(a) X exists. We must

show YmÍX = f(w).
Suppose f(x) is an arbitrary element of f*X, with x e X. Then x < w

and f(x) < f(w) since / is a homomorphism. Thus J2    f*X < f(w).

For the opposite inclusion, assume f(w) > u e At 93 . Then u < f(w) < z,

so there is some y e At2t such that u < h(y). Then 0 ^ h(y) • f(w) <

h(y)-h(w) = h(y-w) = h(Y,W{y-x: x e X}), so 0 ¿ EW{y-x- x e X} . Since
y G At 21, there must be some x e X such that y < x . Hence zz < h(y) < h(x),

and we have u < z, so u < f(x) and x e X, i.e., u < J2 f*X. Thus

f(w) < Yl    f*X, which finishes the proof that / is complete.   D

It is not true that a representable relation algebra need be completely repre-

sentable. In fact, the first example of an infinite representable relation algebra

which is not completely representable appears in [L50]. There are other exam-

ples of such algebras in [Ma78a]. Thus, the problem arises of finding partial

criteria under which representability implies complete representability. The fol-

lowing theorem gives one such criterion.

Theorem 33. Assume 21 G RA, 21 is atomic, and {w : x ; y > w e At 21} is finite

for all x, y e At2l. Then 21 is representable iff 21 is completely representable.

Proof. Let h be a representation of 2t over the equivalence relation E. Note

that 6 b E is a complete atomic RA and h is an embedding of 21 into 6 b E.

By Theorem 32 there is a complete isomorphism / mapping 21 into £Rlz6b E,

where z = Y(&bE)h*At<& = (JA*At21 G Eq6b£, but miz&bE = 6bz, so /

is a complete representation of 21 over z .   D

An obvious corollary of Theorem 33 is that a finite relation algebra is repre-

sentable iff it is completely representable.

Now we try to motivate the next definition. Let U be a nonempty set. Let

u e aU, where a < co. Then u determines an a-by-a matrix m of atoms

of iHe U as follows: for all zc, X < a, mKl = {(uK, ux)} . It is then easy to see



112 R. D. MADDUX

that zzz has properties (B0)-(B2) listed in part (i) below. We call such matrices

"basic," and let B SHe U be the set of all such a-dimensional matrices. Let

x, y be relations in %\tU. Suppose mKl < x ; y . Then there is some v e U

such that (zz^, v) e x and (v , ux) e y . Choose p < a so that p^K, X. Form

the sequence u   by replacing u   with v . Then u   "witnesses" the fact that

mKk < x ; y . The sequence u determines another basic matrix m which is

the same as m except in row p and column p . The set BJRz U thus happens

to satisfy the "extension condition" (R2) in part (iii) of the definition below,

and forms what we call an a-dimensional relational basis.

Definition 34. Let 21 G NA and let a be any ordinal.

(i) BJA is the set of a-by-a matrices of atoms of 21 which satisfy the

following conditions:

(B0)    mKK < V for all zc < a,

(B¡)    mKX = mXK for all k ,X<a,

(B2)    mKk < mKft ;m¡ik for all k,X, p<a.

The elements of B 21 are called atom matrices or basic matrices.
a

(ii) The basic matrices m and zrz' in BJ& agree up to zc if m    = m

whenever p, v e a ~ {zc}, and they agree up to k, X if m    = m1    whenever

p, v e a ~ {zc, X).

(iii) Let q > 2. M is an a-dimensional relational basis for 21 if

(R0)   mcb%,

(R¡) for every atom x G At 21 there is a basic matrix m e M such

that zw01 = x,

(R2) ifzzzGAf, k , X < a, x,yG At2l, mKX < x ; y, and k , X^ p <

a , then there is some m e M such that m and ml agree up to p , m' = x ,

and m'^=y.

(iv) 21 is a relation algebra of dimension a if 21 is a subalgebra of some

complete atomic nonassociative relation algebra which has an a-dimensional

relational basis.

(v)  RAQ is the class of all relation algebras of dimension a.

The notion of relational basis was introduced in [Ma83], where it was called

simply "basis." In [Ma83] the notation MAa was used instead of RAa .

Every basic matrix m e 5Q2l gives rise to a "partial representation" R of 21

over a x a by the definition R(x) = {(zc, X) : k , X < a, mKl < x}, for every

x e A . Indeed, R has these properties for all x, y e A:

R(x + y) = R(x) U R(y),     R(x ■ y) = R(x) n R(y),     R(x) = (a x a) ~ R(x),

R(O) = 0,    R(l) = axa,    R(x) = R(x)~[,    R(x ; y) D R(x)\R(y).

If 2t is countable and has an co-dimensional relational basis, then the extension

condition (R2) can be used to progressively alter such a partial representation

until the last condition becomes an equality and a full representation is obtained.
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We shall prove that a nonassociative relation is representable iff it is embed-

dable in an atomic NA with an «y-dimensional relational basis. First we need

the following connection between SA's and 3-dimensional relational bases.

Theorem 35. Assume 21 G NA and 21 is atomic. Then the following statements

are equivalent.

(a)   21 G SA,

(ß)  B}QL is a 3-dimensional relational basis for 21,

(y)  21 has a 3-dimensional relational basis.

Proof. Theorem 4 of [Ma83] states that (a) implies (ß). Obviously (ß) im-

plies (y), so we will assume (y) and prove (a).

Let M be a 3-dimensional relational basis for 21. To show 21 G SA it is

enough to show x; 1 ; 1 < x; 1 for every x e A, since x; 1 < x ; 1 ; 1 by

Theorem 8(iv).

Suppose

(1) a <x; I; 1     and    a e At 21.

Now 21 is atomic, i.e., every element of 21 is the join of atoms below it, and ;

is completely additive, so

x; 1; 1= J]{/j:x>/3g At2l};J^At2l; J^At2l

= Yjib> c-x>b G Ata, CG Ata}; ^Ata

= J^{¿: b;c>de At%,x>be Ata, c G Ata}; J^At2t

= ^{d; e: b, c, d, e e At%, d <b; c, b <x}.

Hence there are b, c, d, e e At a such that

(2) a <d; e,    d < b; c,     and    b < x.

Since M is a relational basis and a e At a, there is some m e M such that

(3) m0l=a.

Thus zzz01 < d ; e, so, by the extension condition (R2) for relational bases,

there is some m' e M such that

(4) m02 = d,    m2l = e,      and    m, m agree up to 2.

Similarly, m'02 < b ; c, so there is some zzz" g M such that

(5) mox = b,    mn = c,      and    m,m   agree up to 1.

Then, by (4) and (5),

(6) m00 = m00 = moo ̂  m'o\ '> m"o = b\b.

Note that b is also an atom by Theorem 10(i). By (6) and the extension

condition there is some m" e M such that

(7) w02 = b,     m2Q - b,      and    m, m    agree up to 2.
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Using (3) and (7) we get

(8) a = mm = m0l < m02; m2l = b; m2l < x; I.

Steps (l)-(8) show that a < x; I whenever a < x; I; I and a G Ata. Since

a is atomic, this shows x ; 1 ; 1 < x ; 1.   a

If a G NA, then any algebra 93 G NA which satisfies conditions (a)-(â) of

the next theorem is called a completion of a. The next theorem says that every

NA has a completion, and gives those few additional properties of completions

that we will need later.

Theorem 36. Let a G NA. Then there is some algebra 93 such that

(a)   ac93,

(ß)  93 is complete,

(y) ifXCA and £(a)X exists, then YmX = YmX,

(ô) for every b e B, b = Y,{a '■ b>aeA},
(e) 93 G NA, and 93 is in WA, SA, or RA iff a is in WA, SA, or RA,

respectively,

(0   Ata = At93,
(n) for every a>2, if M is an a-dimensional relational basis for a, then

M is an a-dimensional relational basis for 93.

Proof. By Theorems 1.10, 1.11, and 1.12 of [Ma82], every NA is a Boolean

algebra with operators (in the sense of Definition 2.13 of [JT52]) in which the

operators w and ; are completely additive. So, according to [Mo70, p. 51], there

is a Boolean algebra with operators, 93 , such that (a)-(ô) hold. Theorems 1.9

and 1.10 of [Mo70] state that certain types of formulas hold in 93 whenever

they hold in a. The axioms for NA, WA, SA, and RA are of this type, so

93 G NA and (e) holds. Condition (Í) follows from (ô), while (r\) is an

immediate consequence of (Ç) and the definition of relational basis.   D

The next theorem is almost equivalent to Theorem 6(3) of [Ma83], which

states that RRA = RA^, i.e., a relation algebra a is representable iff a can be

embedded in a complete atomic SA with an ctz-dimensional relational basis.

The next theorem shows this is still true if completeness is omitted and "SA" is

replaced by "NA".

Theorem 37. Let a G NA. Then the following statements are equivalent.

(a)  a is representable,

(ß) there is an atomic 93 G NA such that a ç 93 and 93 has an co-

dimensional relational basis.

Proof. Assume a is representable. Then there is some equivalence relation E

and an algebra 93 such that a ç 93 = 6b£. Now 93 is not only atomic, but

also complete, and is not only in NA, but also in RRA. Finally, 5^93 is a

relational basis for 93 , since B^&bE is a relational basis for 6b is. Thus (a)

implies (ß).
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Now assume (ß) holds, and that M ç Äw93 is an w-dimensional relational

basis for 93 . Let € be a completion of 93, i.e., an algebra obtained by applying

Theorem 36 to 93 . Then M is also an co-dimensional relational basis for €.

It is easy to show that {(wz¡;). <3: m e M} is a 3-dimensional relational basis

for <£, so € G SA by Theorem 35. Thus a ç £ g SA, £ is complete and

atomic, and £ has an co-dimensional relational basis. So, by the definition of

RAw and Theorem 6(3) of [Ma83], a is representable.   D

Completeness plays no essential role in the proof of Theorem 6(3) of [Ma83].

In fact, it is not even mentioned in the part of the proof which shows RA^ ç

RRA.

7. Identity atoms, points, pairs, twins, and functional elements

In this section we define identity atoms, points, pairs, twins, and functional

elements and prove many things about them, including generalizations of some

theorems in [J82] and [SS85]. (See Theorems 41 and 42 below.) Except for

these generalizations we prove only what we need later. Only one theorem

in this section holds for relation algebras but not for semiassociative relation

algebras.

Definition 38. For every a G NA, let

(i) Iaa={x: 1'>XG Ata},

(ii) Pta = {x: 0#xg^,x; l;x< 1'},

(iii) Pra= {x:0^xeA, x; 0'; x; 0'; x < 1'} ,

(iv) Tw2l = {x: x G Pra and x • y = 0 for every y G Pta} ,

(v) Fn$L = {x:xeA,x;x< 1'}.

The elements of la a, Pta, Pra, Twa, and Fna are called the identity

atoms, points, pairs, twins, and functional elements, of a respectively.

The following observations should explain the intuitive meaning of these

definitions. Suppose a is a subalgebra of £He U and R is a relation in a.

R is an identity atom iff R ç Id^ = {(x, x): x e U} , R is not empty, and

no nonempty proper subrelation of R is an element of a.

Decoding the definition of point, we see that R is a point just in case R is

not empty and every element in the domain of R is the same as every element

in the range of R, i.e., R = {(a, a)} for some a e U.

With regard to the definition of pair, notice that, by Theorem 8(xxvii), every

pair is included in the identity. Hence, we can decode the definition of a pair

as follows: R is a pair of a just in case R is not empty, and whenever (a, a),

(b ,b), (c, c) are in R and b is different from a and c, then a = c, i.e.,

R = {(a, a), (b, b)} for some a, b e U.

A twin is a pair which is disjoint from every point, so J? is a twin just in

case there are distinct a, b e U such that R = {(a, a), (b,b)}, and neither

{(a, a)} nor {(b, b)} are elements of a.
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Finally, R is a functional element of a iff R is a function whose domain

and range are (possibly proper) subsets of U. Notice that 0 is functional.

Functional elements were introduced and extensively studied for relation alge-

bras in [CT51].

Theorem 39. Let a G NA.

(i) 7/xGPra then x< V.
(ii) PtauTwacPra.

(iii) PtanTwa = 0.

Proof, (i): This part follows from Theorem 8(xxvi)(xxvii).

(ii): Trivially, Twa C Pra. Suppose x G Pta. Then x; 0'; x = 0 by

Theorem 8(xxvi), so x ; 0' ; x ; 0' ; x = 0 ; 0' ; x = 0 < 1', and therefore x G

Pra.
(iii): If x were both a point and a twin, then x would be both nonzero and

disjoint from itself.   D

Theorem 4.6(vii) of [JT52] states that if a G RA, x e Ata, and y G Fna,

then either x;y = 0 or x;y G At a. This result does not hold for every

a G SA, but one of its consequences does hold for all SA's, as shown by the

first part of the next theorem. The other parts of the theorem contain essential

properties of points, pairs, and twins which we will use later.

Theorem 40. Let a G SA.

(i) //xd G Ata and x e Fna then x e Ata.

(ii) //a is simple then Pra~Iaa = {u + v:u,v e Pta, u-v = 0} .

(iii) //a is simple then Pra nia a = PtauTwa.
(iv) // x G Pta and y e Ata, then x; 1 ; y, y; 1 ; x G Ata U {0} and

y; 1 ; x G Fn a. If a is simple then x; 1 ; y, y ; 1 ; x G At a.

(v) // a is simple, x G Pta, and y e PtauTwa, then x; l;y,y; 1;xg
Ata and y; l ; x G Fna.

(vi) Parts (i), (iii), (iv), and (v) fail in some finite simple WA.

Proof, (i): Suppose 0 ^ z < x. We will show x < z. First note that z   < x

by Theorem 8(iii)(ix). Furthermore zd ^ 0 since ; is normal and 0 ^ z = zd ; z

by Theorem 8 (xxiv). Hence z  =x   since x  G Ata by Theorem 12(i). Then

x = x ; x = z ; x = (V • z; z); x < z; 1 ; 1 = z; 1

by Theorem 8(iii)(xxiv) and the SL, so

x = x-z;l<z;(l-z;x)<z;(x;x)<z;l' = z

by Theorem 8(iii)(vi)(ix), x ; x < 1', and the IL.

(ii): Let x e Pra ~ Iaa. By Theorem 39(i), x £ Ata, so x = u + v ,

u-v = 0, and u, v ^ 0 for some u, v e A. By Theorem 39(i), we have

u, v < V.   Hence u ; l;v = u;0,;v  and v ; 1 ; u = v ; 0' ; u by Theorem
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8(xviii). We also have 1 = 1 ; u; 1 = 1 ; v ; 1 since a is simple, by Theorem

29(iv). Then

u; I; u = u; (I; v; 1); u

= u ; 1 ; (v ; 1 ; u)    Theorem 25

= u ; 1 ; (v ; 0' ; u)

= u ; 1 ; v ; 0' ; u      Theorem 25

= u ; 0' ; v ; 0' ; u

< x ; 0' ; x ; 0' ; x

< 1*.

Thus u t¿ 0 and u; 1 ; u < P, so zz G Pta. Similarly, v G Pta.

For the opposite inclusion, suppose u, v e Pt a and u • v = 0. Let x =

u + v . Clearly x ^ Iaa since u, v ^ 0. We must show x ; 0' ; x ; 0' ; x <

P. By Theorem 8(i)(ii), x is the join of the elements r; 0'; s; 0'; t where

r, s, t e {u, v} . For such an element, if r = s, then r ; 0' ; 5 ; 0' ; t = 0 ; 0' ; t -

0 by Theorem 8(xxvi), and if s = t, then r;0,;s;0,;t <  \;s;Q';t =

1 ; (s ; 0' ; t) = 1 ; 0 = 0 by Theorems 8(iii), 25, and 8(xxvi), so x ; 0' ; x ; 0' ; x

= « ; 0' ; u ; 0' ; « + i> ; 0' ; zz ; 0' ; i> < m ; 1; 1; l;u + v; 1; 1; l;v = u; l;u +

v ; 1 ; v < V by the SL.

(iii): First we show Pta ç Iaa. Let x G Pta. Then l'>x^0 = x;0';x

by Theorem 8(xxvi). For every y g A, (x• y); 1 ; (x• y) = (x• y) ; 0'; (x• y) <

x; 0'; x = 0 by Theorem 8(xviii), hence x-y = 0 or x>y = 0,by Theorem

29(iv). Therefore x e Iaa.

If x G Twa then x is a pair disjoint from every point. In particular, x is

not the join of two points, so it must be an atom by part (ii). Thus Twa ç Iaa.

Combining what has been proved so far with Theorem 39(ii) yields Pra n

iaa d PtauTwa.
For the opposite inclusion, we assume x e Pra n Iaa ~ Twa and show

x e Pta. Since x G Pra ~ Twa, there is some y G Pta such that x • y ^ 0.

Hence y < x since Pta ç Iaa. But x G Iaa, so x = ye Pta.

(iv): We will assume x ; 1 ; y ^ 0 and show x ; 1 ; y G Ata. Suppose 0 / z-

x ; 1 ; y . Then 0 ^ y-(x ; l)w ; z = y-1 ; x ; z by Theorems 8(xii)(xiii)(xv)(xxvi),

and the cycle law. Since y G At a, this yields y < 1 ; x ; z . Then x ; 1 ; y <

x ; 1 ; (1 ; x ; z) = x ; 1 ; x ; z < 1' ; z < z by Theorems 8(iii)(v), 25, (xxvi)

and the IL. Thus x ; 1 ; y G Ata, and, similarly, y ; 1 ; x G Ata U {0}. By

Theorems 8(iii)(xii)(xiii)(xv)(xxvi) and, 25,

(y ; 1 ; x)w ; (y ; 1 ; x) = x ; (1 ; y) ; (y ; 1 ; x)

= x; (l;y;y; l);x<x; l;x< 1',

so y; 1 ; x G Fna.

Now suppose a is simple. Since x^0^y,weget x; 1 ; y ^ 0 ^ y ; l;x

by Theorem 29(iv). Hence x; 1 ; y, y; l;x;GAta.
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(v): We have y G Ata by part (iii), so the desired conclusion follows by part

(iv).

(vi): Let a = SK[5(3)SHc3, where S(3) = {(i,j): i,j<3 and |i - ;'| < 1}.

Then a is a simple finite WA by [Ma82, 5.9(2)].

To show part (i) fails, let x = {(1, 2), (1, 0)} . Then xd = {(1, 1)} g Ata

and x; x = {(0, 0), (2, 2)} < P, so x G Fna, but x g Ata.

To show parts (iii)-(v) fail, let x = {(0, 0), (2, 2)} and y = {(1, 1)}.

Then x G Pta but x £ Ata, so (iii) fails. Also y G AtanPta but x; 1 ; y =

{(0, 1), (2, 1)} i Atau{0},so(iv)and(v)fail.   D

Now we obtain two theorems which improve previously published results.

Theorem 41. If a G SA, a is simple, 0/xG/i, x; 1 ; x < 1', and x; 1 ; x <
P, f7zi>zz xG Ata and xd, xr G Pta.

Proof. By Theorems 8(iii) and 25, we have

x ;l;x  < x; x; 1 ; (x; x) < x; (x; 1 ; x); x < x; 1 ; x < P,

and x ^ 0 since x 7^ 0, so x e Pt a. Similarly, x e Pt a. By Theorem

40(v), x ; 1 ; xr G Ata. But, by Theorem 8(iii)(xxiv), 0 ^ x = xd ; x; xr <

x ; 1 ; x G Ata, so x = x ; 1 ; x   and x G Ata.   D

Theorem 41, restricted to relation algebras and without the conclusion that

xd, x e Pta, is related to Theorem 4.30 of [JT52]. Theorem 41 shows that

if the RAa in part (ii) of Theorem 4.30 is simple, then a is also atomic,

and therefore "atomistic" may be deleted from part (ii) if "simple" is added.

Jónsson and Tarski knew that Theorem 41 holds for RA's, but did not state it

in [JT52]. It was first published as Lemma 7.3 in [J82], and is generalized here

to SA's.

Theorem 42. // a G SA, a is simple, x,y e A, 0 ^ x = x ; 1, 0 # y = y ; 1,

0 t¿ x, y, and x, y e Fna, then x ; y e At a.

Proof. Let z = x; y. We will see that Theorem 41 applies to z . First we have

z; 1 ; z =x; (y ; 1 ; y) ; x    Theorems 8(xiv)(xv), 25

<x; 1 ; x Theorem 8(iii)

= x; x < P,

and, similarly, z ; 1 ; z < P. By Theorem 29(iv) 0/x; l; y = x; y = z since

x, y ^ 0 and x = x ; 1 . Thus z G Ata by Theorem 41.   D

Theorem 42 was published as Theorem 7(i) of [SS85], but with the following

additional assumptions: a G RA, a is complete, and a is atomic. Some of

the additional assumptions are not immediately apparent from the statement of
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Theorem 7(i) in [SS85], since the authors use the phrase "relation algebra" to

refer to a relation algebra which is also complete, atomic, and simple. The proof

of Theorem 42 shows that Theorem 7(i) of [SS85] is actually just a consequence

of Lemma 7.3 of [J82].

Theorem 43. (i) If a G RA, a is simple, and x, y e Twa, then exactly one of

the following statements holds:

(a)   x; l; y e Ata,

(ß) there are distinct v, w such that x; l; y = v + w , and v , w , v , w e

Atan Fna.
(ii) Part (i) fails in some simple SA. In fact, for every a>2 there is a simple

aa G SA with distinct x, y e Aa such that Twa = {x, y}, V = x + y, and

x ; 1 ; y is the join of a atoms, none of which is functional.

Proof, (i) We assume (a) is false and prove (ß). Thus we have x ; 1 ; y ^

At a. We also know that x ; 1 ; y ^ 0 since x, y ^ 0 and a is simple, by

Theorem 29(iv). Hence there are v , w e A such that

(1) x; l; y = v + w,    v -w = 0,    v ^ 0,     and    w ^¿ 0.

By Theorems 8(viii)(x)(xii)(xiii)(xiv), and 39(i), this implies

(2) y;l;x = v + w,    v -w = 0,    v ^ 0,      and    w ^ 0.

Next, we show from (1) that v, w e Fna. We have 1 = 1 ; y ; 1 since a is

simple and y ^ 0. So

(3) x=x  =l'-x;l Theorem 8(xxi)(xxv), 39(i)

= !'•*; i;y;i

= V-(v + w);l (1)

= V-v; l + V-w; 1     Theorem 8(i)

= v  +w Theorem 8 (xxi).

But v ^ 0 and w ^ 0 since v , w ^ 0, and x G At a, so x = v = w by

(3). In a similar way we get y = vr = wr. Hence, by Theorem 8(xiii)(xv)(xxiv),

(4) v = y; v ,     v = x;v; y,     x <w;w ,      and     w = w ; y.

The statements in (4) were chosen just for the following derivation, which con-

tains the only essential use in this proof of the associative law.

(5) v;v =y;v; (x;v;y) (4)

<y;v;(w;w;v;y) (4)

= y;v;(w;y;w;v;y)      (4)

= y;(v;w);y;(w;v);y   AL.
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We have w < v since v -w = 0, so v; w < v ;v < 0' by Theorem 8(xxviii),

and hence w ; v < 0' by Theorem 8(xii)(xiv)(xv). Therefore,

v;v <y;(v;w);y;(w;v);y   (5)

<y;0';y;0';y

<P yGTwa,

so v e Fn a. By a similar proof, w e Fn a. We have v   = î/;d = x G At a,

so v , w e Ata by Theorem 40(i). It follows similarly from (2) that v , w e

FnanAta.
(ii): Let a > 1. Let %a be the SA determined by the following conditions.

(1) Ataa = {a0, a00, a,, an} U {aKQl : k < a} U {aKw: k < a} ,

(2) V = a0 + ax,

(3) if x e {a0, a00, a{, alx} then x = x,

(4) if zc < a then (a^ )"" = a*0 and (tf*0)~ = ûq, ,

(5) if zc, X < 2, k t¿ X, and p,v < a, then

aK>aK= aKK i   aKK  = aK >

aKK>aKX=aKX>aU  =  l^aKX>

M     „ =(aK+aK

ukX ' uXk       \

v<a

"KK

~KK

if p = V ,

if p ± V ,

(6) if x, y G Ataa and x ; y is not determined by (5), then x ; y = 0.

If a = 1, then the second case in the last part of (5) cannot occur, and a¡ is

isomorphic to the subalgebra of 9te4 generated by {(0, 0), (2, 2)} , under the

isomorphism h which behaves as follows on the atoms of a¡ :

A(a0) = {(0,0>,(2,2»,

h(a00) = {(0,2),(2,0)},

A(a1) = {(l,l),(3,3)},

A(au) = {(l,3),(3,l)},

h(a°0l) = {(0,1), (0,3), (2,1), (2, 3)},

A(flJ0) = {(l,0),<3,0),(l,2),{3,2)}.

If a > 2, then a   £ RA, since

o.i.
<3q, ; ai0 ; ûqq — ¿Zqq ; a00 — a0,

0,1 v       o     / v^   «  i
aoi ; Ko ; aoo) = aoi ; [l^a\o )=ao

\K<a        J

+   ÛQQ.
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Let x = a0 and y = ax. Then Tw21a = {x, y} , P = x + y , and x ; 1 ; y =

£*<„aK0i, while Fnaa = {a0, a00, ax, axx} .   D

8.  POINT-DENSITY AND PAIR-DENSITY

Definition 44. Let a G NA.   a is point-dense if £Pta = P, and a is pair-

dense if £Pra = i'.

It is easy to show (as in the proof of Theorem 47 below) that a G NA is

point-dense (or pair-dense) just in case every nonzero identity element contains

a point (or pair), i.e., the points (or pairs) are dense below P. That is why

"dense" is used in Definition 44.

Theorem 45. Every point-dense NA is also pair-dense.

Proof. This follows immediately from Theorem 39(i)(ii).   D

Theorem 46. Every point-dense SA is a RA.

Proof. Assume a G SA and a is point-dense.   The associative law can be

proved from the following statement by means of Theorem 8(ix)(xiv)(xv):

(1) x;y; z <x;(y; z)    for all x, y, z g A.

So we need only prove ( 1 ). Given x, y, z g A , let w = (x ; (y ; z))~ • x ; y ; z .

By the IL, point-density, and the complete additivity of ; , we have

w = w ; P = w ; ̂ Pta =  ^2 w;v,
uePta

but, for every v e Pta, v ; 1 ; v = v < P by Theorem 8(xxvi), so

w;v =((x;(y; z))~ -x;y; z);v

= (x ; (y ; z))   ; v • x ; y ; z ; v v < P, Theorem 8(xvii)

= (x ; (y ; z))~ ; v ■ x; y; z; (v; l;v) v = v; l;v

= (x; (y; z))~~ ; v • x ; (y ; z) ; (v ; l;v) Theorem 25

= (x ; (y ; z))~ ; v ■ x ; (y ; z) ; v v;l;v = v

= ((x; (y ; z))~ ■ x; (y; z));v v < V, Theorem 8(xvii)

= 0;v = 0,

so w = 0. Thus (1) holds.   G

If a > 2, then the algebra aQ given in the proof of Theorem 43(a) is a

pair-dense SA which is not a relation algebra.

Theorem 47. Suppose a G SA and a is simple.

(i) If% is point-dense, then la a = Pta.

(ii) // a ¿s pair-dense, then la a = Pta U Twa.



122 R. D. MADDUX

Proof, (i): By Theorem 40(iii), Pta C la a. To prove the opposite inclusion,

suppose x G Iaa. Then 0^x = x-l' = x- 2ZPta _ 23 ptax • v, so

there is some v e Pt a such that 0 ^ v • x. But x G At a and v G At a, so

x = v e Pta.
(ii): By Theorem 40(iii), we need only show Iaa ç Pra. Let x G Iaa.

By pair-density, 0 ^ x = I^eprst* ' v > so •* - w f°r some u G Pra. Then

x ; 0' ; x ; 0' ; x < v ; 0' ; v ; 0'; v < V, so x g Pr a.   D

Theorem 48. Every simple pair-dense RA, and hence every simple point-dense

SA, is atomic.

Proof. Assume a is a simple pair-dense RA. We will show that every nonzero

element of a contains at atom. Accordingly, assume 0 ^ x G A . Then x ^ 0

since x = x ; x. By pair-density, there is some y G Pra such that y < xd.

Then y = y • x = y; x <y;x;l,soy;x^0, which implies (y ; x)r ^ 0.

By a similar argument, there is some z G Pra such that z < (y; x)r and

y;x; z^O.

By Theorem 40(ii)(iii), y is either a point, a twin, or the join of two points,

and the same is true of z . For each of the resulting nine cases we will show

that y ; 1 ; z is either an atom, the join of two atoms, or the join of four atoms.

If y, z G Tw2l, then y ; 1 ; z is an atom or the join of two functional atoms

by Theorem 43(i).

Suppose y G PtauTwa. If z g Pta, then y; 1; z e AtanFna by
Theorem 40(v). If z is the join of two points u and v, then y ; 1 ; z =

y; I ; u + y; I; v, and y ; 1 ; u, y ; 1 ; v e Ata n Fna by Theorem 40(v),

so y ; 1 ; z is the join of two functional atoms. Similarly, y ; 1 ; z is an atom

(whose converse is functional) or the join of two atoms (whose converses are

functional) if z g Pta u Tw2l and y G Pta or y is the join of two points.

Finally, if both y and z are joins of two points, then y ; 1 ; z is the join of

four functional atoms by Theorem 40(v).

We have 0^y;x;z<y;l;z, and y ; 1 ; z is the join of finitely many

atoms, so y; x; z must contain one of those atoms. But y ; x ; z < x , so x

also contains at atom.   D

Now we turn to a key result which says, in effect, that every partial represen-

tation-of a simple pair-dense RA can be extended wherever necessary. First we

need a lemma.

Lemma 49. Assume 2 < a, a g WA, and x e Ata. Then there is some

m e B a such that mM = x .
a 01

Proof. Define m: a x a —> A as follows:

x      if zc = 0, X > 1,

m*x=<
X        if K > 1 ,   X = 0 ,

if k = X = 0,

if K > 1 ,   X > 1 .

xá     ifK = X = Q,
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By Theorem 10(i) and Theorem 12(i), x, x , x e Ata, so m : a x a -» Ata.

It is now easy to verify that conditions (B0)-(B2) hold, using various parts of

Theorem 8, so m e B a.   D

Theorem 50. Let a be a simple pair-dense RA. Then BJ& is an co-dimensional

relational basis for a.

Proof. Condition (RQ) is trivially satisfied, and (R,) holds by Lemma 49, so

it remains to show the extension condition (R2) holds. Assume zzz G BœQÎ,

k, X, p <co, p^ k , X, x,yGAta, and mKl < x ; y.

We begin by defining m   for almost all arguments; the exceptions are m

and m'    with v e co ~ {zc, X, p}.

(1) m;/t = xr=l'.l;x=yd = P.y;l,

(2) m'KII = x,    mßK = x,    m'ßk=y,    m'Xf¡=y,

(3) m'vi = mui     if v, i e (O ~ {p} .

The last three equations of (1) hold by Theorem 8(xxi)(xxii) and Theorem

12(iv). All the elements of A appearing in (l)-(3) are atoms, by Theorems

10(i), 12(i). Two of the desired properties of m are guaranteed by (2), namely

m    = x and m . = y, and, by (3), m and m  will agree up to p, no matter

how the definition of m is completed. What therefore remains is to define

m     and m'    for all v e co ~ {zc, X, p} , and show that zzz' G BWQL.

Let A0 = {zc, X, p} . For every a < co, let Aa+1 = Aa U {v}, where v is the

least element of cd ~ A , and let

Z„ = ({p} x Aa) U (Aa x {p}) U ((co ~ {p}) x (co ~ {p})).

Clearly Xa is symmetric and reflexive, i.e., if (v, £,) e IQ then (v, v), (^, v),

(Ç, Ç) G ZQ , and co x co = \Ja<C0Za ■ Conditions (l)-(3) define m, whenever

(v, Ç) e ¿Q. Using various parts of Theorem 8, it is easy to show that the

following three conditions hold for a = 0 :

(4) mvv < P    whenever (v, v) e Za,

(5) m'vS = m'iv     whenever (v, £,) e la,

(6) m'ui < mvp ; m'p(    whenever (u, <*), (v, p), (p, i) e \.

Suppose, given some fixed a < co, that zzz' and zzz' have been defined for

every v e AQ in such a way that (4)-(6) hold. We will choose m „ and ml ,

where {/?} = A , ~ Aa , and prove that (4)-(6) still hold if a is replaced by

a + 1 .

There are four cases, in three of which the definitions of zzz'„ and m\   are

forced, while in the fourth case zzz'„ may be either one of two functional atoms.
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For the first case, assume there is some v e Aa ~ {p} such that m'^g e Fna.

Then, by (6),

0¿mw< m'uß ; mßv ■ rnvß ; m'ßv < m'vß ; 1 • m'Vf¡ ; 1.

Using the cycle law and (5), we get

0^m^;(m^; 1) = m'^; m'vß; 1.

Consequently 0 ^ m ; m'vß by Theorem 6(ii). Thus we have m G Ata,

m'vß G Fna, and 0 ^ m    ; mvß , so, by Theorem 4.6(vii) of [JT52],

(7) zn^m^GAta.

In this case we define m ß and m'ß   as follows:

(8) m'llß = mIU)\mvß    and    m'ßß = ^'flß-

For the case under consideration we now establish (6) for a + 1. Let Ç e Aa+X.

Then

0 * "v=Ki • "v; mU        wif * * ̂  wif í = v>
^ m'ßi • "V ' ^»ß ; WÍ^       (6)' The0rem 8(ÍU)

= Kt * "V ; W^ '' m'ßS AL

= %i • m'ßß ; w/3í (8) •

By the cycle law and (5), 0 / m ß • m ( ; zwL, and hence m ß < m. ; m',ß

since m ß G Ata. Thus we have shown

(9) m'ßß < m'ßi ; m\ß    whenever c¡ e Aa+X.

In proving that (4)-(6) hold for a+ 1, we need only consider cases not covered

by the assumption that (4)-(6) hold for a. There are no such additional cases

for (4), the additional cases for (5) follow immediately from (8), and all the

additional cases for (6) can be easily derived from (9) using Theorem 8, CL,

(5), and (8).

In the second case, we assume m'    e Fna for some v e Aa ~ {p}.  As

in the first case, we have mßv ; m'   e At a. Hence we let m'ß   = mßv ; m'   ,

m ß = m'ß , and show that (4)-(6) hold for a + 1.

For the last two cases we assume

(10)        m'    $ Fna    and    mvß $ Fna    for every v e Aa ~ {p}.
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Let v e Aa ~ {p}. We have m'vv, m'ßß e Iaa, so, by Theorem 47(H),

mvv, mßß e PtauTwa. According to Theorems 40(v) and 43(i), the only way

m'vv ; 1 ; m'ßß can fail to be an atom is for it to be the join of two functional

atoms, which can occur only if mvv , mßß e Twa. But

mvß < m'vv ; mvß ; mßß <mvv;l; mßß

and mvß G Ata, so if m'vv ; 1 ; m'ßß were the join of two functional atoms,

then mvß would have to be one of those two functional atoms, contradicting

(10). Therefore mvß = rn'vu; 1; mßß G Ata. Furthermore, if mßß G Pta,

then m'vß = mvv ; 1 ; mßß G Fna by Theorem 40(v), again contradicting (10).

Hence mßß e Tw a. The same observations apply with p in place of ß . Thus

we have

(11) mvß = mvv;\\m'ßß    and    m'Vß = m'vi/; l;mßß.

Since 0 ^ m'vv = mvv ; mvv and a is simple, we have 1 = 1; m'vv ; m

From (4), (5), and (11) we get
vv

mßß->l->mßß = mw;l;mvl/;mvv-,l;mßß = miiV-,mvß.

Thus we have shown m'„„, m'RR e Twa andßß '    ßß

(12) mllll\l;m'ßß = mltv\mvß     for every v e AQ ~ {p}.

By Theorem 43(i), m ; 1 ; mßß is either an atom or the join of two func-

tional atoms. If zzz' ; 1 ; mßß is an atom, we must let zrz'„ = m ; 1 ; mßß ,

but if m ; 1 ; m'ßß is not an atom, then we may let m ß be either one of the

two functional atoms which m ; 1 ; m'ßß contains. Both cases can be handled

simultaneously by assuming only

(13) m^ = zGAta,     z<m'ßß;l;mßfi,     and    m'ßß = m'ßß.

From (13) we get (m ß)  = m     by Theorems 12(v) and 8(xxv)(iii), so m ß =

(m'uß)d ' m'ßß   =   m'ßß'm'ßß   ty Theorem 8(xxiv),  and,  similarly,   m'ß   =

m'ß ; m'ßß.   These two cases, together with those following from ( 12) and

m'ßß ̂ m'ßß>1' m'ßß ' give us

(14) zzz^ < mßv ; mvß     for every v e Aq+1 .

It follows from (13) and (14) that (4)-(6) hold for a + 1 .

This completes a proof by induction that m can be constructed so that (4)-

(6) hold for every a < co. Since co x co = Ua<tuZa, it follows that m G

BJx.   D
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9. Representation results

In the first two results we restrict our attention to simple algebras.

Theorem 51. Let a be a simple pair-dense RA. For every set U the following

statements are equivalent:

(a)  a has a complete representation over U,

iß) |c/| = |Pta| + 2|Twa|.

Proof. First we show that (a) implies (ß). Suppose that R is a complete

representation of a over U. For every x G Pta, R(x) is a point of 9ie U,

and so there is some a e U such that R(x) = {{a, a)}. Distinct points of

a must correspond to distinct elements of U, since R is one-to-one. This

establishes a one-to-one correspondence between Pt a and a subset of U . Now

let y G Twa. R(y) is not a twin of Die U (in fact, TwiRe U = 0), but R(y)

is a pair of 9k U which is not a point. Hence there are distinct b, c e U

such that R(y) = {(b, b), (c, c)}. Thus every pair of a corresponds to a

two-element subset of U . Distinct identity atoms are disjoint, so distinct pairs

in a correspond to disjoint two-element subsets of U, and an element of U

corresponding to a point of a cannot also correspond to a pair. Thus there

is a one-to-one correspondence between Twa and a collection of two-element

subsets of U, each disjoint from the subset corresponding to Pta. It follows

that \U\ > |Pta| + 2|Twa|. To get the inequality in the other direction, it

suffices to show every element of U corresponds to some point or pair of a.

Let a e U. a is atomic, so P = ]Tiaa. R is complete, so Id^ = R(V) =

iî(£Iaa) = UW*): x e Iaa}. Thus {(a, a)} ç ldv = [J{R(x): x e Iaa},
so there is some x G Iaa such that {(a, a}} ç R(x). Every identity atom of

a is a point or a pair, so either a corresponds to a point, or else a is one of

two elements of U corresponding to a pair. This shows \U\ < |Pta| + 2|Twa|,

completing the proof that (a) implies (ß).

Now assume \U\ = |Pta| + 2|Twa|. Every simple pair-dense RA has an co-

dimensional relational basis by Theorem 50 and is atomic by Theorem 48. An

atomic RA with an ctz-dimensional relational basis is representable by Theorem

37. Thus we know a is simple, atomic, and representable.

Let x, y G Ata. Then x ; y < x ; 1 ; y and x , y e Iaa by Theorems

8(xxiv) and 12(i), so x , y e Pta U Twa by Theorem 47(ii). By Theorem

40(v) and Theorem 43(i), either x ; 1 ; y is an atom or x ; 1 ; y is the join of

two atoms. Thus |{z: x; y > z g Ata}| < 2 for all x, y G Ata. By Theorem

33, a is completely representable. Since a is also simple, there is a set V

and a complete representation R of a over V. Since (a) implies (ß), we

conclude that |K| = |Pta| + 2|Twa| = \U\. Choose /: V -» U so that / is a

one-to-one correspondence. Define R' : A —> Sb(UxU) by R'(x) = f~ |i?(x)|/

for every x e A . It is easy to confirm that R' is a complete representation of

a over U.   D
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Theorem 52. (i) //2l is a simple point-dense SA, then for every set U the

following statements are equivalent:

(a)  a has a complete representation over U ;

(ß) |c/| = |Pta|.
(ii) a = ÍHei7 iff % is a simple complete point-dense SA and \U\ = |Pta|.

(iii) a = 9k Pt a iff a is a simple complete point-dense SA.

Proof, (i): By Theorems 45, 46, 47, and 39(iii), every simple point-dense SA

is a simple pair-dense RA in which Twa = 0. The equivalence of (a) and

(ß) therefore follows from Theorem 51.

(ii): For one direction it suffices to observe that 9k U is a simple complete

point-dense SA and Pt 9k U = {{(a, a)} : a e U} .

Assume a is a simple complete point-dense SA and \U\ = |Pta|. By part

(i) there is a complete representation R of a over U. Let x G Ata. Then

xd, r e Iaa = Pta by Theorems 12(i) and 47(i), so x = xd ; 1 ; x , since

x = x ; x; x < x ; 1 ; xr G Ata by Theorem 40(v). Also, R(x ), R(x') e

Pt9kt/, so there are a, beU suchthat R(xd) = {(a, a)}, R(xr) = {(b, b)},

and hence

R(x) = R(xd ;l;x) = {(a,a)}\(U x U)\{(b, b)} = {(a, b)}.

Thus R maps At a into At9kt/.

Note that a is atomic by Theorem 48, so 1 = XI At a. R is complete, so

UxU = R(l) = Ä(X)Ata) = UW*): x e Ata} . Hence every atom {(a,b)}

of 9k U is the image of some atom of a.

Thus the embedding R establishes a one-to-one correspondence between the

atoms of a and 9k U. Since R is complete, R must be an isomorphism.

(iii): This part follows from part (ii).   □

It is possible to construct a somewhat more direct proof of Theorem 52(iii).

Define a function R: A -> Sb (Pta x Pta) by

R(x) = {(u, v) : u, v e Pt%L and l;w;x;tz;l = l}

for every x e A. It can then be shown that R is a complete representation

of a over Pta. The author's original (unpublished, 1973) proof of Theorem

52(iii) proceeded in this way.

In the final theorem we consider algebras which may not be simple. Here we

encounter the difficulty that pair-density and point-density are not preserved

by homomorphisms. In fact, we can construct an example which shows that

a point-dense RA may have a simple homomorphic image which is not even

pair-dense.

Let 97î3 be the subalgebra of 9k 3 which has universe A/3 = {0, Id3, Di3,

3x3}. Then 9JÎ3 is neither pair-dense nor point-dense. (The subalgebra 97t2

of Die 2 with universe M2 = {0, Id2, Di2,2x2} is also not point-dense, but
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it is pair-dense.) Let

h = {(R,S):Re wSb(3x3)

&SeMi&(3K < co)(VX)(k < X < co-^ Rx = S)}.

The domain of h consists of all those "eventually constant" sequences whose

"limits" are in Af3, and h maps each such sequence to its limit. Let A =

Dom h . It is easy to check that A is the universe of a subalgebra a of a'9te 3.

The points of a are those sequences which have either {(0, 0)}, {(1,1)},

or {(2,2)} in only finitely many places, and 0 everywhere else. Any identity

element of a contains a point, so a is point-dense. Finally, h is a homomor-

phism mapping a onto 9Jl3.

Note that a is incomplete. For complete algebras the situation is different,

as the next lemma shows.

Lemma 53. Suppose a is a complete pair-dense SA.

(i) If 0 t¿ x < P, then there is some y g Pra such that y < x and

l;y; 1 = l;x; 1.

(ii) Every homomorphic image of a is pair-dense.

Proof, (i): Let <P be the family of sets Y having these properties:

(1) PCPra,

(2) if u e Y then u < x ,

(3) if u, v e Y and u^v, then 1 ; zz ; 1 • 1 ; v ; 1 = 0.

Note that <I> is closed under unions of chains. Let y be a maximal set in O.

Set y = Y Y, which exists since a is complete. We have y < x by (2), and so

1 ; y ; 1 < 1 ; -x ; 1 ■ To prove the opposite inequality, assume (1 ; y ; l)~-x^0.

By pair-density there is some « G Pra such that u < (l;y; l)~ -x. Let

Y' = Y U {u} . We claim Y' e <S>. Since u e Pra and zz < x, we need only

check property (3) for Y'. For every nez we have l;v; I < I; y; I, and

therefore I; v ; I ■ I; u; I < 1 ; y ; 1 • (1 ; y ; 1)~ = 0. This not only confirms

(3), but also shows that u £ Y, thus contradicting the maximality of Y.

We may conclude that (1 ; y; 1)~ • x = 0, i.e., x < 1 ; y ; 1, which implies

1 ; x ; 1 < 1 ; y ; 1.   Thus  l;x;l = l;y;l.   Since ï/0, this also gives

y t¿o.
What remains is to show that y G Pra. First note that

y;0';y;0';y = £P;0';£y;0';£P=    £    u; 0'; v ; 0'; w .
u,v ,w£Y

Suppose u,v,weY. If u^v then u;0' ;v;0'; w < I; u; 1 • 1 ; tz ; 1 =0,

and, similarly, if v ^ w or u / w then u ; 0' ; v ; 0' ; w = 0. Therefore

y;0';y;0';y = J]m;0';m; 0';m< P.
u€Y
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The last inclusion holds by (1). Since y ^ 0, we have y G Pra.

(ii): Suppose zz is a homomorphism from a onto 93. Let z e B and

0 # z < P. Choose w e A such that h(w) = z and set x = w • V. Therefore

h(x) = z and 0 ^ x < P. By part (i) there is some y G Pra such that y < x

and 1 ; x ; 1 = 1 ; y ; 1. We will show that h(y) < z and h(y) e Pr 93.

First, h(y) < h(x) = z. Next, l;z;l = l;h(x);l = h(l;x;l) =

h(l ; y ; 1) = 1 ; h(y) ; 1, but z ^ 0, so h(y) ^ 0 as well. Finally, h(y) ; 0' ;
h(y); 0'; h(y) = h(y ; 0'; y; 0'; y) < A(l') = P, so h(y) e Pr93.   o

Theorem 54. Every pair-dense RA, and hence every point-dense SA, is com-

pletely representable.

Proof. Suppose a G RA and a is pair-dense. Let 93 be a completion of a. We

have Pra ç Pr93 since a ç 93, so Ym Pra < £(33) Pr93 . But P = £(a) Pra

since a is pair-dense, and Y Pra = Y Pra since 93 is a completion of

a, so P = Ym Pr ®, i.e., 93 is pair-dense.

Every relation algebra is a subdirect product of simple relation algebras. (See

Theorem 4.15 of [JT52] or Corollary 4.6 of [J82].) Hence, for some index set /,

there is an /-indexed system (<£,. : i e I) of relation algebras and an embedding

h such that

(1) /z:53-n,6/£;,
(2) for every i e I, <£( is a simple homomorphic image of 93 .

Choose an /-indexed system of sets ( U¡ : i e I) so that

(3) Ui n Uj = 0 whenever i, j e I and i # j,

(4) |£/.| = |PtC|.| + 2|TwC|.| for every i el.

Suppose j e 1. 93 is pair-dense and complete, so <£ is also pair-dense by

(2) and Lemma 53(ii). Hence, by (4) and Theorem 51, there is a complete repre-

sentation R. of <£ over U.. Let p be the natural projection homomorphism

from n,€7 £, onto £¡ ■ Let

E = \JU,xUr
i€l

Note that E is an equivalence relation by (3). Define a function R: A -* SbE

by

R(x) = \JRfaMx)))     for áüx G A.
iei

It is now easy to show that R is a complete representation of a over E.   D
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