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PAIR-DENSE RELATION ALGEBRAS

ROGER D. MADDUX

ABSTRACT. The central result of this paper is that every pair-dense relation
algebra is completely representable. A relation algebra is said to be pair-dense
if every nonzero element below the identity contains a “pair”. A pair is the
relation algebraic analogue of a relation of the form {(a, a), (b, b)} (with
a = b allowed). In a simple pair-dense relation algebra, every pair is either a
“point” (an algebraic analogue of {(a, a)}) or a “twin” (a pair which contains
no point). In fact, every simple pair-dense relation algebra 2 is completely
representable over a set U iff |U| = k + 24, where « is the number of points
of 2 and A is the number of twins of 2.

A relation algebra is said to be point-dense if every nonzero element below
the identity contains a point. In a point-dense relation algebra every pair is a
point, so a simple point-dense relation algebra 2 is completely representable
over U iff |U| =k, where k is the number of points of 2. This last result
actually holds for semiassociative relation algebras, a class of algebras strictly
containing the class of relation algebras. It follows that the relation algebra
of all binary relations on a set U may be characterized as a simple complete
point-dense semiassociative relation algebra whose set of points has the same
cardinality as U .

Semiassociative relation algebras may not be associative, so the equation
(x;¥); z=x; (y; z) may fail, but it does hold if any one of x, y,or z is
1. In fact, any rearrangement of parentheses is possible in a term of the form
DS in case one of the x,’s is 1. This result is proved in a general

a—1>

setting for a special class of groupoids.

1. INTRODUCTION

In its most basic form, a representation result for relation algebras is simply
a theorem which asserts that every relation algebra having a certain property
is representable. This paper presents several new theorems of this kind. The
importance of such results stems from the fact that not all relation algebras are
representable. Until Lyndon’s counterexample in [L50], one could have hoped
(as in [T41, pp. 87-88]) that the ultimate representation result would be true,
namely that every relation algebra would be representable. This happy situation
exists for groups and Boolean algebras. The Stone Representation Theorem im-
plies that every Boolean algebra is isomorphic to a Boolean algebra of sets, i.e.,
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an algebra whose elements are sets and whose operations are the standard set-
theoretic operations of intersection, union, and complementation with respect
to the union of all the sets in the algebra. Similarly, the Cayley Representation
Theorem implies that every group & is isomorphic to a group of permutations,
i.e., a group whose elements are permutations and whose operations are the
standard ones which gave rise to the group concept, namely, the composition of
permutations, the operation of forming the inverse of a permutation, and the
distinguished identity permutation which maps every element to itself.

The relation algebras which correspond to Boolean algebras of sets and to
groups of permutations are called proper relation algebras. The universe A of
a proper relation algebra A is a nonempty family of binary relations between
elements of some set U. (U may be empty.) The fundamental operations of
A are certain natural set-theoretic operations on binary relations, under which
A is closed. In fact, 2 is a Boolean algebra, with the operations of union,
intersection, and complementation with respect to the union of the relations in
A (U4 may not coincide with U x U), together with the binary operation
of composition, the unary operation of conversion, and the identity relation on
U, namely Id;, = {(x, x): x € U}. Composition, which was introduced by
Augustus De Morgan ([D1856] and especially [D1864]; see [D66, pp. 55-57,
208, 221, etc.]), is defined as follows for any two binary relations R and S:

R|S = {(x, z): forsome y, (x,y)€ Rand (y, z) € S}.

(The notation “|” was used by Russell and Whitehead [WR10]. De Morgan just
used juxtaposition, as did Peirce [P33]. Schroder [S1895] used “;”.) Conversion,
also introduced by De Morgan ([D1864]; see [D66, p. 222]), is defined for a
relation R as follows:

R™'={(y,x): (x,y) € R}.

A relation algebra is an algebra of the form

Ql:(A,-{-,-,—,O,l’;,V,l,),
where % = (4, +,-, , 0, 1) isa Boolean algebra, ; is an associative binary op-
eration (corresponding to composition | ), ~ isa unary operation (correspond-

ing to conversion -! ), 1’ is an identity element for ; (i.e., I’; x =x=x; 1"),
and De Morgan’s “Theorem K” [D1864] holds: if x; y < z then X;Z< y and

Z;y <X. Of course, every proper relation algebra is indeed a relation algebra.
A relation algebra 2 which is isomorphic to a proper relation algebra is said
to be representable, and an isomorphism from 2 to a proper relation algebra
is called a representation of 2. A representation is complete if it preserves all
meets and joins, and a relation algebra is completely representable if it has a
complete representation.

A fundamental example of a Boolean algebra is the algebra of all subsets of
a nonempty set U. Similarly, a fundamental example of a group is the group
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of all permutations of U . For relation algebras an analogous example is Re U ,
the algebra of all binary relations on U . It turns out that e U has a peculiarity
not shared by the other two examples: it is simple (has at least two elements
and no nontrivial homomorphic images). Another fundamental example in the
theory of relation algebras is the algebra &b E of all relations contained in a
given equivalence relation E. &b E is isomorphic to the direct product of the
algebras Re U, where U ranges over the equivalence classes of E. A relation
algebra is proper just in case it is isomorphic to a subalgebra of some Gb E .

The arithmetic of relation algebras is a kind of mixture of Boolean algebra
and group identities. Part of the reason for this is obvious: a relation algebra
is a Boolean algebra with additional operators. Another reason is that every
group & = (G, -, - e) gives rise to a naturally correlated relation algebra
¢m &, called the complex, or Frobenius, algebra of & . (See [JT48]; the obser-
vation that Frobenius algebras are relation algebras was first made by J. C. C.
McKinsey.) The complex algebra €m & is the Boolean algebra of all subsets
of G together with the multiplication and inversion of “complexes” (subsets of
G), and the singleton complex {e}. Thus

¢mG=(Sb(G),u,n, ,3,G,;, ,{e})

where, for X, Y CG, X; Y={xy:x€X,yeY}andX“={x_1:xeX}.

It is easy to prove that the complex algebra of a group & is a representable
relation algebra. By Cayley’s theorem, & is isomorphic to a group of permuta-
tions of some set U, so every element of & is correlated with a binary relation
on U (which happens to be a permutation). Then, for each subset X of G,
let R(X) be the union of the relations correlated with the elements of X . It
is easy to show that R is a representation of ¢m® . This proves an example
of the simplest kind of representation result: if 2 is a complex algebra of a
group, then 2 is representable. More powerful representation results may say
something more about the types of representations that 2 can have. For ex-
ample, R embeds ¢m® into ReU = Sb(U x U), so we know that ¢m @& is
not just representable, but that ¢m & has an embedding into &b E for a rather
special kind of equivalence relation E, namely one with just one equivalence
class. By Theorem 4.26 of [JT52], such an embedding exists for a representable
relation algebra just in case that algebra is simple. (Of course, €m & is simple.)
This example is typical; the conclusions of a representation result can often be
considerably strengthened if simplicity is added to the hypotheses.

The representation R has another special property. It is complete, that is,
it preserves all infinite meets and joins. Every representation of a finite repre-
sentable relation algebra is trivially complete, but there are representable rela-
tion algebras which have no complete representations. A relation algebra with
a complete representation is said to be completely representable. Thus ¢m & is
completely representable for every group &.

The main representation results of this paper use the concepts of pair-density
and point-density, which are defined in terms of certain kinds of elements called
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points, pairs, and twins. Let 2 be a relation algebra, and let x be a nonzero
element of 2A. We say x is a point if x;1;x < I’, and x is a pair if
x;0;x;0;x<1’,where 0’= 1" . A twin is a pair which does not contain
a point.

To understand what these conditions mean, suppose 2l is a subalgebra of
Re U . By deciphering the definitions of point and pair we find that x is a
point just in case x = {(a, a)} for some a € U, and x is a pair just in case
there are a, b € U, which need not be distinct, such that x = {(a, a), (b, b)}.
Consequently, x is a twin just in case there are distinct a, b € U such that
x ={(a, a), (b, b)}, and neither {(a, a)} nor {(b, b)} belongs to A.

Clearly, for subalgebras of ?Re U, every point is both a pair and an atom,
every twin is also a pair and an atom, no twin is a point, the join of two distinct
points is a pair, and every pair is either a twin or a point or the join of two points.
All these properties can be proved for an arbitrary simple relation algebra 2.
(Re U is simple, and simplicity is essential in the proofs.)

We call a relation algebra 2 pair-dense if every nonzero element below 1’
contains a pair, and point-dense if every nonzero element below 1° contains a
point. Letting PrA and Pt2 be the sets of pairs and points of 2, respectively,
we conclude that 2 is pair-dense iff > Pr2 = 1’, and point-dense iff } Pt =
1.

Since every point is a pair, it follows that point-density implies pair-density.
The converse is false. To get an example showing this, we need a relation algebra
which has pairs, but not points, below every identity element. Hence we need
an algebra with twins. Now PRe U is point-dense, but e U has no twins, so
we must consider proper subalgebras of e U . Consider the case U = 2 =
{0, 1}. (Each natural number is the set of smaller natural numbers, i.e., n =
{0, ..., n—1}.) Me2 hasasubalgebra M, with universe {J, 1d,, Di,, 2x2},
where Di, = {(0, 1), (1, 0)}. 9, has no points and exactly one twin, namely
Id,. So M, is pair-dense but not point-dense.

The main results concerning pair-density are as follows. Suppose 2 is a pair-
dense relation algebra. Then 2 is completely representable. If 2 is also simple,
then 2 is atomic, and 2 is completely representable over a set U just in case
|U| = |Pt| + 2|Tw2|, where Tw® is the set of twins of 2. These results
imply that every simple complete pair-dense relation algebra is isomorphic to
one which is constructed in the following way.

Let U be a set which is partitioned into one-element sets and two-element
sets. Let P be all the one-element sets in the partition, and let 7 be all the
two-element sets. Let ~ be an equivalence relation on 7. We get a simple
complete atomic pair-dense relation algebra A C Re U by specifying the atoms
of A as follows:

(1) if {a} € P then {(a, a)} is an atom,
(2) if {a, b} €T then {(a,a), (b, b)} and {(a, b), (b, a)} are atoms,
(3) if {a}, {b} € P then {(a, b)} and {(b, a)} are atoms,
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(4) if {a,b} € T and {c} € P then {(a,c), (b, c)} and its converse
{{(c, a), {(c, b)} are atoms,

(5) if {a, b}, {c,d} € T and {a, b} ~ {c,d} then {(a,c), (b,d)},
{{a, d), (b, c)}, and their converses {(c, a), (d, b)}, {(d, a), (c, b)}
are atoms,

(6) if {a,b}, {c,d} € T and {a, b} » {c,d} then {(a,c), (b, d),
(a,d), (b, c)}, and its converse {(c,a), (d,b), (d,a), (c, b)} are
atoms.

The elements of 2 are arbitrary unions of the atoms of 2. The points of
2 are the atoms {(a, a)} with {a} € P, and the twins of 2 are the atoms
{(a, a), (b, b)} with {a, b} € T. Suppose B C A and B contains all the
atoms of 2. Then B is a simple pair-dense relation algebra, but 98 need not
be complete. The smallest example of such an algebra is the one whose elements
are finite joins of atoms or the complements of such joins. Every simple pair-
dense relation algebra is isomorphic to such a 9B . Pair-dense relation algebras
which are not simple cannot be so easily characterized, since pair-density is not
preserved by homomorphisms, as shown by an example near the end of the
paper.

The reasons for suspecting that pair-density implies representability are as
follows. Relation algebraic equations correspond to first order sentences in
which no more than three different variables occur [TG87]. It is possible to
assert, with only three variables, that there are no more than two elements, but
the assertion that there are no more than three elements requires four variables.
Thus relation algebraic equations can handle and distinguish sets up to cardinal-
ity 2, but for cardinality 3 or more all control is lost. (There is no equationally
definable “triplet-density”.) The equations which are true in all relation algebras
correspond to those logically valid first order sentences in which at most three
variables occur and which have proofs in which no sentence contains more than
- four distinct variables [Ma78a, Ma83, Ma89]. Binary relations between two
two-element sets involve at most four elements, as shown in the construction
above. If a relation algebra has a property which says, roughly speaking, that the
algebra is built up from sets of cardinality 2 or less, then that sentence should
imply representability. This is indeed the case for pair-density.

The representability of pair-dense relation algebras was inspired by a prob-
lem in a letter of August 1985 from H. Andréka and I. Németi. They asked for
the construction of a certain sequence of nonrepresentable cylindric algebras
of dimension 3. According to their problem, these algebras should be neatly
embeddable in cylindric algebras of certain higher dimensions, and they should
have some elements whose join is 1 and which have a property roughly corre-
sponding to the equation x; 0’; x; 0’; x < 1’. It seemed that cylindric algebras
with all the properties and elements they wanted would have to be representable.
For relation algebras this turned out to be the case. Because of the connections
between cylindric algebras and relation algebras developed in [Ma78a, Ma89],
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this outcome suggests that the algebras they originally sought cannot be found.

A relation algebra is point-dense if it is pair-dense and every pair is a point
(i.e., it has no twins). Consequently, every point-dense relation algebra 2 is
completely representable, and if 2 is also simple, then 2 is atomic and 2 is
completely representable over a set U just in case |U| = |Pt|. It turns out,
however, that these results continue to hold if 2 belongs to a strictly larger class
of algebras than relation algebras, namely, the class of semiassociative relation
algebras.

Every relation algebra is associative, i.e., satisfies the identity (x;y); z =
Xx; (¥; z). But a semiassociative relation algebra need not be associative. It is
only required to satisfy a special case of the associative law, namely (x; 1); 1 =
x; (1; 1). The class of semiassociative relation algebras has special significance
for algebraic logic, since it is the algebraic equivalent of first order logic with
binary relation symbols and exactly three individual variables [Ma83, Ma89,
TG87]. We will show that every point-dense semiassociative relation algebra
is a relation algebra, and will use this fact to obtain results about point-dense
semiassociative relation algebras as corollaries of results concerning pair-dense
relation algebras.

So far we have encountered two new representation results of the simplest
kind, namely

(A) every pair-dense relation algebra is representable,

(B) every point-dense semiassociative relation algebra is representable.
Since every relation algebra is a semiassociative relation algebra and point-
density implies pair-density, these two theorems have an obvious common corol-
lary:

(C) every point-dense relation algebra is representable.

They also have an obvious common generalization:

every pair-dense semiassociative relation algebra is representable.

But this is false. In the proof of Theorem 43(ii) there is an example of a
semiassociative relation algebra which is pair-dense but is not a relation algebra.
The example can be obtained by starting with the subalgebra of fRe4 generated
by {(0, 0), (1, 1)}, and then “splitting atoms”.

Pair-density and point-density are such strong properties that representation
results which use them as hypotheses apply only to a limited range of algebras.
(On the other hand, far more can be proved for pair-dense and point-dense
algebras than mere representability, as we shall see.) For example, & is a
group, then €¢m & is pair-dense if & has only one element. Thus the repre-
sentability of complex algebras of groups cannot be proved from the fact that
every pair-dense relation algebra is representable. However, the representability
of complex algebras of groups is an immediate consequence of the following
corollary of Theorem 4.31 in [JT52].

(D) If 2 is an atomic relation algebra in which every atom is functional,
then 2 is representable.
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An element x of A is functional if X;x < 1’. Fn? is the set of functional
elements of 2. An element of &b E is functional iff it is a function. Complex
algebras of groups are atomic and all their atoms are functional, so they are
representable by (D).

If 2 is an atomic relation algebra with functional atoms, then ) Fn2 =
1. The latter condition is sufficient for representability, even if the algebra is
atomless, as was shown in [MT76].

(E) If 2 is a relation algebra in which ) Fn2 = 1, then 2 is representable.

Theorem (C) can be proved from (E). Suppose 2 is a point-dense relation

algebra. Assume 0 # x € A. Then 0 # 1’- (x; x). By point-density, there
is some y € Pt such that y < I’-(x;x). Then 0 #y =1"-(x;x) -y =

(- (x;x);y<1;x;59,50 x;9#0, and (x;)7; (x;¥) =p; X;x;p <
y;1;y<1°,s0 x;y is functional. Thus every nonzero element of 2 contains
a nonzero functional element, i.e., > Fn? =1, so 2 is representable by (E).
(One could also use (D) in place of (E), but this would require the additional
work of showing that every simple point-dense relation algebra is atomic.)

A very important and early representation result is due to Tarski [T53; TG87,
Theorem 8.4(iii)]:

(F) If2 is a relation algebra and x;y=1 forsome x,y € Fn2, then A
is representable.

The statement of (F) is actually equivalent to the semantical completeness
of the formal system £* of [TG87], relative to sentences asserting the exis-
tence of “quasi-projections”. (See the footnote, [TG87, p. 242].) This relative
completeness of £ implies that almost all set theories can be formalized in
£r.

The next representation result, from [Ma78, Ma78a], is a direct generalization
of both (F) and (E).

(G) If 2 is a relation algebra and Y {x;y:x,y € Fn2} = 1, then 2 is
representable.

It is obvious that (G) generalizes (F). To see that (G) generalizes (E) one
need merely note that 1’ is a functional element, 1" =1",and 1’; x = x.

Thus we have a sequence of ever more powerful representation results: (G)
implies (F) and (E), (E) implies (D), (D) implies (C), and (C) implies (B) rel-
ative to the result that every point-dense semiassociative relation algebra is a
relation algebra. However, (A) stands outside this sequence, and thus is not
a consequence of (G). It is easy to construct arbitrarily large pair-dense rela-
tion algebras which do not satisfy the hypothesis of (G). The construction given
above yields such an algebra whenever T # <.

Incidentally, (D)-(G) all fail for semiassociative relation algebras. A single
finite example suffices to show this for (D), (E), and (G). (See [Ma78a, Example
3(6)(i)(c), p. 64, and pp. 124-125].) No finite example can be used for (F),
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since every nontrivial semiassociative relation algebra with a pair of conjugated
quasiprojections is infinite. One might expect this difference from the following
observation: Re U satisfies the hypotheses of (F) only if U is infinite, but
Re U always satisfies the hypotheses of (D), (E), and (G), even if U is finite.
An infinite example showing that (F) fails for semiassociative relation algebras
was constructed by I. Németi. (See [N86, I1.8(ii) and Theorem 17(viii)], or
[N85, Theorem 3.7].)

The fact that (C) can be generalized to (B) suggests an investigation of the
extent to which results for relation algebras hold for semiassociative relation
algebras. More specifically, how much can the associative law be weakened
until the result in question is no longer provable? For some results the asso-
ciative law is not needed at all. The class of nonassociative relation algebras
was therefore introduced in [Ma78a, Ma82] just to have a base for this kind of
study. The definition of this class of algebras is obtained from the definition
of relation algebras by simply deleting the associative law. It turns out that
many (perhaps 80%) of the arithmetical results in [CT51] were proved there,
or could be proved, without any use of associativity. Perhaps another 10% of
those results require only the semiassociative law, and thus hold for all semias-
sociative relation algebras. The remaining 10% require the associative law and
fail in some semiassociative relation algebra. The class of all weakly associative
relation algebras was introduced in [Ma82] for similar reasons. It is the class
of all nonassociative relation algebras which satisfy the weak associative law:
((I’-x); 1); 1 =(1"-x); (1; 1). It turns out that this class of algebras is exactly
the class for which the relative representation theorem holds (Theorem 5.20 of
[Ma82]). Other results concerning atom structures and complex algebras also
find their natural place in this class, i.e., they hold for all weakly associative
relation algebras but not for all nonassociative relation algebras.

The four classes we have mentioned so far are varieties. (A variety is a
class of algebras axiomatized by a set of identities (universally quantified equa-
tions).) In fact, they form a strictly increasing sequence of varieties: relation
algebras, semiassociative relation algebras, weakly associative relation algebras,
and nonassociative relation algebras. Every result in this paper is stated and
proved for the largest possible variety. In many instances examples are given to
show that the result fails for the next largest variety in the sequence.

Most of the main representation results have already been mentioned, but
to get to them we must pass through many other results, some of independent
interest. We shall mention a few of them here as part of a description of the
contents of the paper.

In §2 we present the definitions of Re U, Sb U, the four varieties of alge-
bras mentioned above, representability and related concepts, and the class of
representable relation algebras.

Sections 3 and 4 contain all the arithmetic needed for later results. For
example, in §3 we show that the first identity below holds in every nonassociative
relation algebra, while the remaining four hold in every semiassociative relation
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algebra:

x; (s z=x;(p; 1); 2

(x5 (L;9);z=x;5((1;); 2).
The last four equations are special cases of a much more general theorem, which
states that if 2 is a semiassociative relation algebra, then any rearrangement of
parentheses is possible in a term of the form x;;...; x_ _,, assuming that one
of the x ’sis 1. Forexample, (((w; x); y); 1); z=w; (x; (y; (1; 2))) . Thus,
even though a semiassociative relation algebra 21 may not satisfy the associative
law, many of the consequences of that law will hold in 2. It turns out that the
proof of this associativity theorem for semiassociative relation algebras can be
based entirely on the fact that every semiassociative relation algebra satisfies
the five identities above. The associativity theorem is therefore obtained in §4
as a corollary of a similar result concerning a special class of groupoids with
a distinguished element 1, whose axioms are exactly the five identities above.
The resulting associativity theorem for these special groupoids can be applied
to cylindric algebras as well.

In §5 we show how the fundamental theorems about ideal elements, rela-
tivizations, and homomorphisms that are true for relation algebras carry over
to semiassociative relation algebras, but not to weakly associative relation al-
gebras. In particular, simplicity is characterized by a universal sentence for
semiassociative relation algebras just as it is for relation algebras, so subalge-
bras of simple semiassociative relation algebras are also simple.

Section 6 contains two important results about representability and complete
representability. First, we show that for relation algebras which have “finite
products” the two concepts coincide. Second, we derive a necessary and suf-
ficient condition for representability, namely that the algebra be embeddable
in an atomic nonassociative relation algebra which has an w-dimensional rela-
tional basis. Relational bases and the basic facts about them are reviewed in
that section. To get the second theorem we use Monk’s results in [Mo70] on
the existence of completions of relation algebras.

In §7 we define points, pairs, twins, functional elements, and identity atoms,
and prove many things about them. That section contains generalizations of
some theorems in [J82] and [SS85]. There is only one theorem in that section
which holds for relation algebras but not for semiassociative relation algebras.
This is exactly where to look to see why the algebra in (A) must be a relation
algebra.

In §8 we study point-density and pair-density. Highlights from this section:
every point-dense semiassociative relation algebra is a relation algebra; every
simple pair-dense relation algebra is atomic; every simple pair-dense relation
algebra has an w-dimensional relational basis.
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The concluding §9 contains all the representation results discussed above.
One of the corollaries obtained there is

(H) & = RePtA iff 2 is a simple complete point-dense semiassociative
relation algebra.

This result generalizes Theorem 11 of [SS85] from relation algebras to semias-
sociative relation algebras. It also shows that one of the hypotheses of Theorem
11 is redundant. It is not necessary to assume that 2 is atomic. The authors of
[SS85] state that their Theorem 11 “simplifies the proof of a similar result given
in a somewhat different environment by Maddux and Tarski”. (The “similar
result” is theorem (E) above.) Although Theorem 11 of [SS85] can be easily
derived from theorem (E), in a way similar to the proof of (C) from (E), it is
not possible to go the other way around. Theorem (E) applies in a strictly larger
class of algebras than Theorem 11 of [SS85]. It yields the representability of
complex algebras of groups, but Theorem 11 does not. Thus it is not clear what
the authors of [SS85] had in mind.

2. PRELIMINARIES

In this section we define the classes of algebras with which we are concerned,
and review some of their theory.

Definition 1. Let 2 = (4,+,-, ,0,1,;, 7, 1’) be an algebra with
binary operations +, -, and ; , unary operations ~ and ~, and distinguished
elements 0, 1, and 1°. Then 2 is a nonassociative relative algebra if
(A, +,+, ,0,1) is a Boolean algebra (called the Boolean part of A), 2 sat-
isfies the identity law
(IL) x=x;I"=1";x,
and 2 satisfies the cycle law
(CL) x-y;z=0iff y-x;z=0 iff z-y;x=0.
NA is the class of all nonassociative relation algebras. Let 2 € NA. Then 2 is
a weakly associative relation algebra if it satisfies the weak associative law
(WL) ((x-1); )5 1=(x-1); 1.
A is a semiassociative relation algebra if it satisfies the semiassociative law
(SL) (x;1);1=x;1.
2 is a relation algebra if it satisfies the associative law
(AL) (x;p);z=x;(y; 2).
WA, SA, and RA are the classes consisting of all weakly associative relation
algebras, all semiassociative relation algebras, and all relation algebras, respec-
tively. If % € NA, then 0’ = I’ . The elements 1’ and 0’ are called the
identity element and diversity element of 2, respectively.

We will use “NA”, “WA”, “SA”, and “RA” as abbreviations for the phrases

9« ”

“nonassociative relation algebra”, “weakly associative relation algebra”, “semi-
associative relation algebra”, and “relation algebra”, respectively.
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Parentheses will be omitted from expressions involving operations in a NA
according to the convention that the operations should be performed in the fol-
lowing order: ~, ", ; , -, +. When the same binary operation occurs several
times, the calculation should proceed from left to right. Thus, for example,
x;y;z=(x;y);z.

The cycle law is a more symmetrical way of stating De Morgan’s Theorem K
[D1864], mentioned in the Introduction. (Replace z by Z, rearrange variables,
and convert equalities to inequalities using Boolean algebra.) It was shown in
[CT51] that relation algebras can be axiomatized by the IL, CL, and AL. This
axiomatization was used in [JT52].

Note that the WL is a special case of the SL, so we obviously have NA 2
WA D SA. It turns out that 1 = 1; 1 in any NA, so that the WL and the SL are
also special cases of the AL. Furthermore, although these classes are not defined
using equations (since the cycle law has the form of equivalences), they happen
to be definable using equations. An equational definition for RA appears in
[CT51], and equational definitions for NA, WA, and SA can be obtained from-
that one by eliminating the associative law, or replacing it with WL or SL.

Theorem 2. (i) NA, WA, SA, and RA are finitely based equational classes.
(i) N\D WAD SADRA.

Proof. For part (i) see Theorem 1.5 of [Ma82]. For part (ii) see Theorems 1.3,
1.14, 2.6, and 3.7 of [Ma82]. O

Definition 3. For any equivalence relation E, let

SbE=(SbE,u,n, ", @, E,|, 7, 1dpgp),

where, forall R, SCFE,
SbE ={R: RCE},

FdE = {x: forsomey, (x,y)e Eor{y, x) € E},
Idgy g = {{x, x): x e FAE},

RF*=E~R,

R|S ={(x, z): forsome y, (x,y) € Rnd (y, z) € S},
R ={{y,x): (x,y) € R}.

Note that Sb E is closed under U, N, ~E , - ,and |. 6bFE is the (relation)
algebra of subrelations of E . For any set U, let

RelU = 6b(U x U).

Re U is the (relation) algebra of relations on U .

Definition 4. Let % € NA and let E be an equivalence relation A function R
mapping A into Sb E is a representation of % over E if R is an isomorphic
embedding of 2 into GbE. Incase £ = U x U for some set U, we also
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say R is a representation of 2 over U . The representation R is complete if it
preserves all (possibly infinite) joins (and hence all meets). 2 is representable
if there is a representation of 2 over some equivalence relation E, and 2 is
completely representable if there is a complete representation of 2 over some
equivalence relation. RRA is the class of all representable NA’s.

There are representable relation algebras which are not completely repre-
sentable. Thus they have representations, but no complete representations.
(There are examples of such algebras in [Ma78a, L50].) For many algebras,
however, the notions of representability and complete representability coincide.
This is true for all finite algebras, and, as shown in §6, it is also true for any
atomic algebra which has “finite products,” i.e., the number of atoms below
x; y is finite whenever the number of atoms below x + y is finite.

Theorem 5. (i) RRA C RA,

(i) RRA is the smallest equational class containing {ReU: U is a set},
(iii) RRA is not finitely axiomatizable,
(iv) RRA is recursively axiomatizable.

Proof. 1t is easy to check that RRA C RA. The fact that the inclusion is proper
was first proved by Lyndon [L50]. Part (ii) is due to Tarski [T55]. Part (iii) was
proved by Monk [Mo64], using the connection between relation algebras and
projective geometries discovered by Lyndon [L61]. A recursive axiomatization
of RRA was constructed by Lyndon [L56]. O

3. ELEMENTARY ARITHMETIC

In this section and the next we develop the elementary arithmetic of NA’s,
WA’s, and SA’s to the extent necessary for later results in this paper. For each
of these three classes this section contains theorems collecting various identities
and implications for arbitrary elements and for atoms. The most extensive
source of arithmetical results for relation algebras is [CT51]. Other good sources
are [J82, JTS52, Ma82].

The notions of complete additivity and normality for operators on Boolean
algebras are defined in [JT51, Definition 1.1]. The next theorem states that ;
and ~ are completely additive and normal in every NA.

Theorem 6. Let 2 € NA.

(i) Forall X,Y CA,if Y X and Y. Y exist, then ) {x;y:xe€e X,yeY}
also exists, and 3 X; Y Y =3 {x;y:xeX,yeY}.

(i) x;0=0=0; x forevery x€ A.

(iii) For every X C A, if S, X exists, then Y {x: x € X} also exists and
(XY) ={x:xeX}.

~

(iv) 0=0.

Proof. Parts (i) and (ii) follow from Theorem 1.10 of [Ma82]. Parts (iii) and
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(iv) follow from Theorem 1.11 of [Ma82]. All four parts also follow from
Theorems 2.3, 2.4, 2.4", 1.11, and 1.6 of [CT51] (whose proofs do not use
associativity). 0O

The next definition gives relation algebraic analogues of the domain and range
of a binary relation [Ma82, 5.10].

Definition 7. Let A € NA. Forany x € A4 let X = I’ x; x and x" = 1’-)7;x.

Now we turn to elementary laws for NA’s that do not involve arbitrary joins or
atoms. Parts (i)-(xvi), (xix)-(xx), and (xxvii)-(xxix) of the following theorem
were first proved for relation algebras in [CT51].

The proofs in [CT51] for parts (i)-(xv) and (xxviii) do not use associativity,
and can serve as proofs for the corresponding parts below. In addition, parts
(i)-(xvi) are proved without associativity in [Ma82].

There is an essential but unmentioned use of associativity in Theorem 2.8

of [CT51], which states that the identity a; b-c < a; a; ¢ holds in every RA.
This identity happens to hold in every SA, but fails in some NA. However, the

identity a; b-c <a; (a;c) holds in every NA. This alternative form (which
follows from 1.22 and 2.7, the theorems quoted in the proof of 2.8), together
with the second law of duality (Theorem 1.24 of [CT51]) can be used to prove
2.9 of [CT51]. Theorem 2.10 (which coincides with part (xix) below) is proved
in [CT51] by an appeal to 2.9, and therefore has a proof not using associativity.
The same is true for Theorem 3.3, which also uses 2.9, and for part (xx), which
is mentioned after Theorem 2.10 in [CT51].

Part (xvi) coincides with Theorem 3.12 of [CTS51] (and with 1.13(15) in
[Ma82]). The proof of 3.12 in [CT51] uses 3.11(i). The proof of 3.11(i) makes
essential use of associativity by an appeal to 2.8. The alternative form of 2.8
can be used instead, but certain other changes need to be made; see the proof
of 1.13(15) in [Ma82].

The three conclusions of part (xxix) follow from Theorems 3.27, 3.26, and
4.1 of [CT51], respectively. The proof of 3.27 uses associativity via 2.9, but
the use of associativity in the proof of 2.9 is easily avoided, as was explained
earlier. The proof of 3.26 uses 3.24, and this latter theorem fails in some NA.
However, associativity is required only to show that 3.24(ii) implies 3.24(i).
The equivalence of 3.24(i) and 3.24(iii) is all that is needed in the proof of
3.26, so the proof of 3.26 in [CT51] does not really use associativity. The third
conclusion of part (xxix) follows from the equivalence of 4.1(i) and 4.1(iii).
The proof in [CT51] that 4.1(i) implies 4.1(iii) uses only the equivalence of
3.24(1) and 3.24(ii1), and hence does not use associativity. The fact that 4.1(iii)
implies 4.1(i) is not stated in (xxix), but it is used later in this paper. The proof
that 4.1(iii) implies 4.1(i) in [CT51] has two unmentioned uses of associativity,
in lines 12 and 16, page 368. Both of these uses can be easily eliminated by
slight modifications.
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Theorem 8. Let A € NA. Then forall v, w,x,y,z€ A:
() x+y);z=x;z+y;z,
) x;(y+z)=x;y+x; 2,
(ili) fw<x and y<z,then w;y<x;z,
(iv) x<x;1,x<l1l;x,and x<1;x;1,
(v) 1=151,
(vi) x;y-zgx;(y-)vc;z),
(vii) x;p-z<(x-2;¥);,
(vili) (x +y) " =x+Y,

(xi) ¥ =X,

(xii) O ,

(xiii) if x < 1”, then x = x,

(xiv) x77 =

(xv) (x;¥)" =y;x,

(xvi) if x,y<1 then x-y=x;y,

(xvii) if x < 1" then x;(y-2z) =x;y-z=yp-z-x;1 and (y-2);x =
y;x.z=y-z-1;x,

(xviil) if x,y <1’ then x;1;,y=x;0;y+x-y,

(xix) x-y-z<x;y;z,

(xx) v-w-x-y-zgv;i[z;x;};z,

(xxi) xd=l"x;)vc=1’-x;l=l’-l;)vc,

r -

(xxil) x =1’ x;x=1"-1;x= 1’-;(; I,

(xxiii) (x)* =x" and (X)" = x°,

(xxiv) x =x%; x =x; x",

(xxv) if x <1’ then x =x%=x",

(xxvi) if x;1;x<1" then x<1’,x;0;x=0, x;1; x=x,

(xxvil) if x;0;x;0;x<1 then x<1°,
(xxviil) X;X<0,%;x<0,x;X<0,and x;x<0,

(xxix) if x =x;1 =1;x, then X=x, XxX=Xx;l=1;x,and x-y; x =

(x-y); (x-2)

Proof. Parts (i)-(xvi) and (xxiii)-(xxv) are proved in Theorems 1.4, 1.13, and
5.11 of [Ma82].

(xvii): Assume x < I’. The proof of the first group of identities goes as
follows.
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x;(yez)<Pyy-P5zex; 1 (ii), x <1

=y-z-x;1 IL

<z-x;(1-x;y) (Vi)

<z-x;(75y) (i), (ix), x <P
=z-X;y (xii), IL

<x;(y-x;2) (vi)

=x;(y-2) (iii), (ix), (xii), IL, x < 1",

The second group of identities can be easily derived from the first group by
using parts (x), (xiii)-(xv).
(xviii): Assume x, y < 1°. Then

x; L y=x;05y+x; ;v (i), (ii)
=x;0;y+x-y IL, (xvi).

(xix):
xy-z=(x-y-z); I’ IL
S(x-y-z); (Pe(x-y-2z)75(x-y-2)) (vi)
<x;y;z (ii1), (ix).
(xx): Use parts (iii) and (xix) twice.
(xxi):
=1 X;x<Pex;1 (i)
<1Ux;(1-x;17) (vi)
=1"-x;x (IL)
<I'-1;x (iii)
<P-(1-15x77)5x (V)
=1-x;x IL, (xiv).

(xxii): The proof is similar to that of part (xxi).

(xxvi): If x;0°; x < 1’, then

x-0<(x-0); (x-0)7; (x-0)

<x;0;x
<r,

(xix)

(i), (ix), (xii)

so x <1’. Hence x;0’; x<1’.1’;0°; I’=1"-0"= 0 by part (iii) and IL.
Finally, by part (xviii), x; 1; x=x;0; x+x=0+x=x.
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(xxvii): The proof is similar to the first part of the proof of (xxvi), but uses
part (xx) in place of (xix).

(xxviii): By the identity law, 0 = x - X = x;1’-X,s0 0= x; X -1’ by the
cycle law. Thus x; X < 0’. The other inequalities can be obtained similarly.

(xxix): Assume x =x; 1 =1; x. Then

X<X;X;X (xix), (xiv)
1;x;1

IA A

=x;1l=x (i),
SO X =X by parts (ix) and (xiv). Notethat 0 =x-X=x;1-X,50 0=X; 1-x

by the cycle law and part (xii). Thus X; 1 <X, and, similarly, 1; X <X. The
opposite inclusions hold by part (iv), so X =X; 1 = 1; X. Finally,

=x-y;z. O

If any identity holds in a nonassociative relation algebra 2, then so does
the dual of that identity. The dual of an identity is obtained by replacing
every subterm of the form x;y by y; x. For example, the dual of the SL is
1;(1; x) =1; x. The dual of an identity can be proved by using that identity
together with parts (xiv) and (xv). (This is the “second dual” of [CT5I, p.
349].) The proof of the dual of the SL is 1;(1;x) =177;(177;x77) =
(x;17;17)" =(x;17)" =17";x"" =1; x. (See Theorem 1.24 of [CT51],
the “second law of duality™.)
Definition 9. Let A € NA. Then At is the set of atoms (of the Boolean part)
of «A.

Theorem 10. Let A € NA.
() If x € At then x € At.
(i) If x,y,z€ At then x<y;z if y<x;z iff z<y;x.

Proof.. Part (i) is Theorem 3.4 of [Ma82], and also Theorem 4.3(xxi) of [JT52],
whose proof depends on proofs in [CT51] which do not use associativity. Part
(11) is an immediate consequence of the cycle law. O

Theorems 11-12 below contain results which hold in all relation algebras but
which do not appear in either [CT51] or [JT52]. Their proofs require associa-
tivity, since they do not hold in every NA. The weak associative law suffices for
their proofs, so they hold in every WA . Theorem 11 is used to prove Theorem
12, and Theorem 12 will be used much later in this paper.
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Theorem 11. Let A € WA. Then forall x,y € A:
@) x*1=x;1;1=x;1;1;1 and 1;x" =1;(1;x)=1; (1;(1; X)),
(i) x*=(x; 1) and x"=(1; x)",
(iii) if x <y; 1 then x*<y®, andif x<1;y, then x" <y".
Proof. By duality, we need only prove the first half of each part.

(i): x1=(rx;%); 1
<x;1;1 Theorem 8(iii)
<x;1;1;1 Theorem 8(iv)

=x° ;x;1;1;1 Theorem 8(xxiv)
gxd; 1;1;1;1 Theorem 8(iii)
<x';1:1;1 WL

<x’;1;1 WL
<x;1 WL.
(i1): (x; 1)d =1"-x;1;1 Theorem 8(xxi)
=r-x" 1 @)
=x" Theorem 8(xxi)

=x* Theorem 8(xxv).
(iii): Assume x < y; 1. Then, by part (ii) and Theorem 8(iii)(ix), we have
xX<in'=y". D
Richard L. Kramer discovered that the identity x; 1;1=x; 1;1; 1 andits
dual hold in every WA.

Theorem 12. Let A € WA. Then for all x,y € AtA:

1) x?, x" € At

(i1) xd=y if y<lVand y; x=x.

(i) x'=y if y< 1’ and x;y = x,

(iv) if x;y#0 then x" =",

(v) if x<p;1 then x* =y?,

(vi) if x<1;y then x" =y".
Proof. For parts (i)-(iii), see [Ma82, Theorem 5.12]. The proofs of parts (iv)-
(vi) are very similar. We only prove (v). Suppose x < y; 1. By Theorem
8(iii)d(ix) adnd Theorem 11(ii), x* < (y; )* =y, by x?, y* € At by part (i),
sox =y . O

The identities in Theorem 13 require the semiassociative law, since they do
not hold in every WA . Part (i) does not appear in [CT51] or [JT52], but does
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appear in [TG87, 3.2(xvi)]. Part (ii) follows from the semiassociative law and
the proof of Theorem 5.2 of [CT51]. Parts (iv)-(vi) are trivial consequences of
full associativity.

Theorem 13. Let A € SA. Then forall x,y,z€ A:

() (x-y;2);1=W-x;2);1 and 1;(x-y;2)=1;(z-y; x),
(i) x;y-1;z=x;(-1;z)and x;y-z;1=(x-z;1);y,

(iti) (x-1;9);z=x;(z-p; 1),

(iv) x;y;1l=x;(y;1) and 1;x;9y=1;(x;¥),

V) x;y5(z; )=x;(»;(z; 1)) and 1;x;9;z2=1;x;(y; 2),
(vi) x;(p; Dsz=x;(51;52) and x;(1;y);z=x;(1;y; z),
(vit) 1;(1;x;1);1=1;x;1,

(viii) 1;(l; x5 1) ;1=(1;x;1)

Proof. To prove (i), (ii), (iv), (v), and (vi) we need only prove the first identity
in each case, since the second identity follows from the first by duality.

(i): (x-y;2);1<(y-x;2);2;1 Theorem 8(iii)(vii)

<

vx;z); 151 Theorem 8(iii)

SL

<

= =
< =
\I\LN
'—‘v—‘\/

:z; 1 Theorem 8(iii)(vii)
1 Theorem 8(iii)(xiv)
SL.

IN
~ e~ o~ o~ o~ o~
=
=
N
~
—

IN AN IA

=
<
N

(ii) x;y-1;z=x;(y-x;(1;z) Theorem 8(vi)
<x;(-1;(1;z)) Theorem 8(iii)
=x;(-1;2) dual of SL
<x;y-1;(1;2) Theorem 8(iii)
<x;y-1;z dual of SL.

(idi):

(x-1;9);2<(x-1;9);(z-(x-1;»)7; 1) Theorem 8(vi)

<x;(z-y; 1; 1) Theorem 8(iii)(ix) (xii)(xiv)(xv)
<x;(z-ysl) SL

<(x-1;(z-y; 1)7);(z-y; 1) Theorem 8(vii)
<(x-1;(1;9); z Theorem 8(iii)(ix)(xii)(xv)
(

<(x-1l;yp);z dual of SL.
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(iv): 1=(1-x;y);1
=(x-1;9);1 ()
=x;(L-y; 1) (iii)
=x;(y;1).

(v): x;y;(z; ) =x;p;2;1 (iv)
=(l-x;y;2);1
=(X',y'1,Z),1 (1)
=x;(y-1;2);1 (i)
=x;((p-1;2);1) (iv)
=x;((1-y;2);1) (i)
=x;(¥;z;1)
=x;(y;(z;1)) (iv)

(vi): x; (i )sz=x;p5152 (iv)

=x;y;1:1;z (i1)
=x;(v;1)-1;z (iv)
=x;(¥;1-1;z) (il
=x;(v;1;z) (ii) .

(vii): By part (iv) and Theorem 8(v).
(viii): By part (vii) and Theorem 8(iv)(xxix). O

4. ASSOCIATIVITY IN GROUPOIDS

In this section we will prove a general associativity result for semiassocia-
tive relation algebras. This result is a consequence of just Theorems 8(v) and
13(v)(vi). Thus it has independent interest as a result above associativity in
groupoids having a distinguished element. Of course, all uses of Theorem 25
later in this paper could be replaced by short derivations involving 8(v) and
13(iv)(v)(vi). (As shown below, Theorem 13(iv) follows from 8(v) and 13(v).)

Definition 14. A groupoid with distinguished element is an algebra of the form
A=(A,1, ;) where 1 € A and ; is a binary operation on 4. Let GD be the
class of all groupoids with distinguished element.

Definition 15. For every 2 € GD, let P™ be the unique function which maps
finite sequences of elements of A to subsets of A, i.e., P®: (Ui "4) —
Sb (4), and which satisfies the following conditions:
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P(x) = {x} forevery x € 4,

P(xgs oo x,_) = {y;2:y € P(Xg, oo s Xpy)s 2 € P(X,5 00, X,_,) s
0 < m < n}, whenever Xgsoons X, €EA.

The notation P(x,, ..., x,_,) will be often used in place of the notation
P(m)(xo, ..., x,_,) if the algebra involved is not relevant or else clear from

> n—1
context. The simplest cases of the definition of P are

P(x)={x}, P(x,y)={x;y}, Px,y,z)={(x;¥);z,x;((;2)},
Pw,x,y,z)={w;x;y;z,w;x;(y; z), w; (x; (¥; 2)),

w;(x;y;2),w; (x;p); z}.

Definition 16. Let GA be the class of A = (4, 1, ;) € GD such that, for all
xX,y,z€A:

(Al) 1=1;1,

(A2) 1y x5y5z=1;x;(y; 2),
(A3) x;(L; ) z=x;(1;y; 2),
(Ad) x;(v; );z=x;(;:1; 2),
(AS5) x;y;(z; 1) =x;(y;(z; 1))

Algebras in GA are “groupoids with some associativity”.

Lemma 17. Let A€ GA. Then forall x,y € A:

(i) Lyx;y=1;5(x;y),
(if) x5 L;y=x;(1;y),
(iii) x;y; 1=x;(y; 1).

Proof. Part (i) follows from (Al) and (A2): 1;x;y=1;1;x;y=1;1;(x;p)
=1; (x;y). Similarly, part (ii) follows from (A1) and either (A3) or (A4), and
part (iii) is a consequence of (A1) and (AS). O

Lemma 18. Suppose A € GA,and 1 e {w, x,y,z} CA. Then |P(w, x,y, z)|
=1.

Proof. We must show that the five elements of P(w, x, y, z) coincide in each
of these four cases: w=1, x=1, y=1,and z=1.

1;(x; (v;2))=1;x;(y; z) Lemma 17(i)
=Lix;y;z (A2)
=1;(x;y);z Lemma 17(i)

=1;(x;y;z) Lemma 17(i).
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w;l;y;z=w;(1;);z  Lemma 17(ii)
=w; (1;p52)  (A3)
=w; (1;(y;z)) Lemma 17(i)
=w;1; (y; 2) Lemma 17(ii).
w;(x;(l;2)=w; (x;1; z) Lemma 17(ii)
=w; (x;1); z (A4)
=w;x;1;z Lemma 17(iii)
=w; x;(l;z2) Lemma 17(ii).
w;x;y;l=w;x; ;1) Lemma 17(iii)
=w; (x; (y; 1)) (A5)
=w; (x;y;1) Lemma 17(iii)
=w; (x;¥);1 Lemma 17(iii). O

Definition 19. For every 2 € GD, let I'(%) = {x; 1;y: x,y € A}.
Note that I'(A) = {x; (1; y): x,y € A} by Lemma 17(ii).

Lemma 20. Let A € GA. Then

(i) 1elr’(®),
(ii) if x e '(A) then x;y e T(A) and y; x e T(A) forevery y € A.

Proof. Part (i) follows immediately from (A1). For part (ii), assume x € I'(2).
Then there are v, w € A such that x =v; 1; w. Forevery y € 4, Lemma
18 implies

sLiwsy=uv; 15 (w;y) eI,
s Lw)y=(;v); L,wel(A). O

Lemma 21. Suppose A € GA, x,y,z€ A, and TA)N{x,y, z} # 3. Then
[P(x,y,z)|=1,ie, x;y;z=x;(y; z).

Proof. By the assumptions, there are v, w € 4 suchthat v; 1;w € {x, y, z}.
The following derivations for the resulting three cases use various instances of
Lemma 18.

If v;1;w=x, then

X5r5z ;

v l;w'y'z
v;l;(w;y);z |Plv,1l,w,y)=1
v,(l,( J/) z) |Pv,l,w;y,z)[=1
v (Lws(y;2) |P(L,w,y, z)|=1
v; 1 (

X

b

I

b

swi; (v z)  |Pv,1,w,y;z)| =1

s (s 2).
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If v;1;w=y, then

x;y;z=x;(; 1 w); 2z
=x;v;1l,w;z |P(x,v,1,w)|=1
(x;v,1,w, 2)|=1
Px,v,1,w;z)|=1
(

v,1,w, z)|=1

Il
—~
<
—
g
N .
~
a]

=x;(¥; 2).

Finally, if v; 1; w = z, then

=x;y;v; L, w [P(x;y,v,1,w)=1

=x;(y;v;1);w |P(x,y,v,1)|=1
s (svs Lw) [P

x x,y;v,l,w)| =1
=x;(y;(v; 1;w)) |P
X

y,v,l,w)=1

Lemma 22. Suppose 2 € GA and y € T(¥). Then for all u,v,w, x,, ...,
X,_ €4,

U; (VW) X5 e s Xy 3V S UV WS X5 o3 Xy Ve
Proof. The proof is by induction on n. Suppose n =0, i.e., there are no X,’s.
Note that w; y € I'(%) by Lemma 20(ii). Hence,

u, (v;w);y=u;(v;w;y) Lemma2l,yeT(%)
=u;(v; (w;y)) Lemma2l,yeI(2A)
=u;v;(w;y) Lemma 21, w; y € I'(A)
=u,v,w;y Lemma 21, y e I'(%).

Now we assume the lemma holds for », and show that it also holds for n+1.
We have x, ; y € I'(%) by Lemma 20(ii), so we get

U; (Vs w); Xos o3 X5 X5 Y
=u; (v, w); Xp5...5X,_;5(x,;y) Lemma 21,y e I'()
=SUS VW, X5 X,y (X,59) inductive hypothesis
SUV W, Xgs a5 Xy g3 X5 Y Lemma 21,y eI'(%). O

Lemma 23. Suppose 2 € GA and X, ...
#O, then |P(xy, ..., x,_ ) =1.
Proof. Use inductionon n. If n=1 or n =2, then the conclusion obviously
holds, even if the hypothesis does not. So we will assume the lemma holds for
a given n > 2, and show that it also holds for 7+ 1. Notice that P® has the
following fundamental property.

€A TN {xy, ... x,_,}

> n—1
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n—1
P(xy,...,x,)= U P(xy, ... s X 10 Xy Xyt > Xmy2s cee s Xp)
=0

(1)

=P(Xg; Xy Xgs ooe s X)) UP(Xg, X5 Xy X35 0005 X))
UerUP(Xgs ooy Xygs Xy_ys Xp)
Since we are assuming the lemma holds for n, (1) yields
P(xy, oo Xx,) ={xy; X5 X35 .. 5 X, }
(2) U{xgs (X5 X,)5 X35 .05 X, }
U U{Xgs e Xgs (X,_5 X,)}

The proof will therefore be complete if we manage to show, whenever 0 < m <
n, that

(3) Xp3 Xy e Xy =Xg5 005X (X Xps1)s Xz oo s Xy e
By hypothesis, I'(2) N {x,,...,x,} # &, so assume y € ['(A) and y €
{xg, ..., x,}. We now consider two cases.

If ye{x,...,x,,,}, then, by Lemma 20(ii),

I"(Ql)n{xo;...;xm_l,xm,xm+l};é®,

m—l;

so, by Lemma 21,
4) X5 e s Xy s (X3 X)) = Xos oo s X 15 X Xy 0

and (3) follows immediately from (4).

If ye{x,,,>--->X,},s58y y=x, € [(A) with m+2 <k <n, then, by
Lemma 22,
) Xos oo s Xppoys (X Xppp1)s Xopaas oo e 5 Xge
= X055 X 15 X s Xy 15 X2 s oo > Xgo

and (5) implies (3). O
Theorem 24, Assume A =(A,1, ;)€ GA, 0< n < w, and Xy eeesX,_| €
A. If TA)N{xy, ..., x,_,} # D, in particular, if 1 € {x,, ..., x,_}, then
1P (xy, ..., x,) =1.
Proof. This theorem follows immediately from Lemma 20(i) and Lemma 23. 0O
Theorem 25. If A=(4,+,-, ,0,1,;,  ,1I'YeSA, then (4,1, ;)€ GA.
If0<n<w, xyp,...,x,_ €A, and T({(4, 1, ;)N {xy, ..., x,_} #3D, in
particular, if 1 € {x,, ..., x,_,}, then |P(m)(x0, s X, )l =1,
Proof. By Theorems 8(v), 13(v)(vi), and 24. O

Theorem 24 also has applications to cylindric algebras. It can be shown that
if € is a cylindric algebra of dimension 3 or more, and the operation ; is defined
on € by

. 1 0
X3y =(Cy8,X+5,))
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forall x,y € C, then (Nr,&, 1, ;) € GA. For a more general result, suppose
D is a diagonal-free cylindric algebra of dimension 3 or more, ¢, and e, are
two elements of ® such that cje, = ¢, and c e, = e,, and the operation ; is
defined by
X3y = (Czcl(eo £ X)- Co(el ‘y))

forall x,y € D. Then (Nr,®, 1, ;) € GA. Some of the derivations involved
in proving this appear in [Ma81]. The previous result follows from this one
when ¢, = d;, and e, = dy,. In both cases we may apply Theorem 24 to
obtain a general associativity result. For dimension 4 or more, there is no point
in doing this, since the operations defined above are associative when restricted
to Nr,& or Nr,®. However, they may not be associative for dimension 3. (See
3.2.69 and 5.3.8 of [HMT8S].)

5. IDEAL ELEMENTS, RELATIVIZATIONS, AND HOMOMORPHISMS

Definition 26. Let 2% € NA. Then

(i) leA={x:x€ed,x=x;1=1;x},

(i) SrA={x:xed, x=x=(1"-x); x}.
The elements of IeA are called ideal elements of 2, and the elements of SrA
are called symmetric-reflexive elements of .

Ideal elements were originally introduced for relation algebras; see [CT51,
Definition 3.23]. The only ideal elements in Re U are & and U x U. To get a
less trivial example of ideal elements, let U and V' be disjoint nonempty sets.
Set E=(UxU)U(V x V). Then the ideal elements of GbE are &, Ux U,
VxV,and (UxU)UV xV).

Symmetric-reflexive elements are introduced in Definition 5.4 of [Ma82].
They play an important role in the relative representation theorem for WA
(Theorem 5.20 of [Ma82]). For any nonempty set U, arelation R isin SrRe U
just in case R is symmetric, reflexive over its field, and its field is a (possibly
proper) subset of U. By a “reflexive relation” we mean one that is reflexive
over its field (as in [Me87, p. 6], or [K55, p. 9]). Note that & is reflexive in
this sense.

Definition 27. Let % € NA and z € 4. Then Rl 2 = {x: z > x € A} and
RA=(RLA, +,-, °,0,z,;°, 77, 1)

where, for all x,y € 4,

—_ V4 ~Z ~ z
X "=X-z, x; y=(x;y)z, x =x-z, I"'=101-z.

R, is the relativization of 2 to z.

Relativization and symmetric-reflexive elements are connected in the follow-
ing way. Suppose 2 € NA and z € 4. Then RL2A € NA iff z € Sr.
Furthermore, if % € WA, then R[22 € WA. Thus WA is closed under rel-
ativization to symmetric-reflexive elements. However, even if 2 € RRA it is
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possible that R 2A ¢ SA. For example, suppose R € SrReU . Then R is a
symmetric and reflexive binary relation, and RI_2 is a complete and atomic
WA, but R is transitive iff RI;ReU € SA iff R ReU € RRA. (See [Ma82,
Theorems 5.5, 5.8, and 5.9].) Finally, WA has a characterization in terms of
relativization to symmetric and reflexive relations: every complete and atomic
WA is in {R[ReU: z € SrReU}, and WA = S{RIReU: z € SrRe U} (by
Theorems 4.2, 5.13, and 5.19 of [Ma82]).

The next theorem states the connection between ideal elements, relativiza-
tions, and homomorphisms for nonassociative relation algebras. It was proved
first for relation algebras.

Theorem 28. Let A€ NA, z € A, and, for x € A, let h(x) = x - z. Then the
Jfollowing statements are equivalent.

(i) zeled,
(ii) h is a homomorphism from % onto R,
(ii) forall x, ye A, x;y-z=(x-2);(y-z).

Proof. The equivalence of parts (i) and (ii) is stated without proof in [CT51,
p. 368]. The implication from (i) to (ii) is proved for relation algebras without
any use of associativity in [JT52, Theorem 4.9].

The implication from (ii) to {iii) is trivial.

The equivalence of (i) and (iii) follows from that part of Theorem 4.1 of
[CT51] whose proof has two easily eliminated uses of associativity. (See the
remarks prior to Theorem 8.) O

The next theorem is taken from [Ma78a, pp. 103-106] and [JT52, Theorem
4.10]. The equivalence of (a) and (y) for relation algebras is due to McKinsey
and Tarski, and is announced without proof in [JT48, result 4]. The equivalence
of (a), (y), and (J) for relation algebras is also due to McKinsey and Tarski,
and is stated without proof in [CT51, p. 362]. The equivalence of (o), (8),
(), and (d) is proved for relation algebras in Theorem 4.10 of [JT52]. The
part of that proof which shows (a) and (f) are equivalent uses only those
theorems from [CT51] which are proved without associativity. We therefore
omit the proof of part (i) below. As we shall see, the remaining equivalences fail
for some WA . Hence the proof in [JT52] makes essential use of associativity,
but for each such use the semiassociative law suffices.

Theorem 29. Let A € NA. Consider the following four conditions on 2 :
(a) forevery x € A, if x#0 then 1 =1;x;1,
B) forall x, ye A, if 0=x;1;y then x=0o0r y=0,
y) A issimpleor 0=1,
o) led={0, 1}.
(i) Conditions (o) and (B) are equivalent.
i
)

(
(
(

(B
(ii) Conditions () and (B) imply (y), and (y) implies (9).
i

(iii) If A is finite, then (y) and (§) are equivalent.
(iv) If A €SA, then (a), (B), (v), and (8) are equivalent.




108 R. D. MADDUX

(v) It is not possible to replace “SA” with “WA” in part (iv). In fact, none
of the implications beyond the ones stated in (1)-(iii) hold in general for
WA'’s.

Proof. (ii): Assume (a) holds. To prove (y), we assume 0 # 1 and show 2 is
simple. Suppose # is a homomorphism of 2 onto some B € NA, and 4 is not
an isomorphism. Then there is some x € 4 such that x # 0 and A(x) =0. By
(@), 1=1;x;1,80 1=h(1)=h(1;x;1)=h(1); h(x); H(1)=1;0;1=0,
1.e., ‘B is the one-element algebra. Thus 2 is simple.

Next, assume (y). We have 0,1 € IeA by Theorem 6(ii) and Theorem
8(v), so for (J) it will suffice to show that Ie2 has no elements other than
0 and 1. Suppose that z # 1 and z € Ie?d. Let h(x) = x -z for every
x € A. Then A is a homomorphism on A by Theorem 28, and 4 is not an
isomorphism since Z # 0 and A(Z) = 0. Now 0 # 1 since z # 1, so «
is simple by (y), and therefore # must map 2 onto a one-element algebra.
Hence z = h(1) = h(0) = 0. Thus (y) implies (J).

(iii): Assume 2 is finite and (J) holds, i.e., IeA = {0, 1}. If 0 =1 then
(7) holds, so assume 0 # 1. Let £ be a homomorphism on 2. Let

(1) I={x:x€A,h(x)=0} and z=) I.

Note that [ is finite since 2 is finite, and / is nonempty since 0 € /. Then

(2) h(z)=h(21>=Z{h(x):xel}=2{0:xel}=0,

hence A(z; 1) =h(z); h(1)=0; h(1)=0,s0 z; 1€ I. Consequently, z; 1 <
>>I=z,but z<z;1 by Theorem 8(iv), so z = z; 1. Similarly, z=1; z,
so z € leA. By (d), z=0 or z = 1. It also follows from (1) and (2) that
h(x)=0iff x < z. So,if z=1, then 4~ maps 2 onto a one-element algebra,
while if z =0, then A is an isomorphism. Therefore 2 is simple.

(iv): In view of parts (i) and (ii), it will suffice to show (J) implies ()
whenever 2 € SA. Accordingly, assume Ie? = {0, 1}. To prove (a), assume
0#x€A. Then 0#x<1;x;1,but 1;x;1e€le2A by Theorem 13(vii), so
I;x;1=1.

(v): For every n < w, let S(n) = {(i,j):i,j < n and |i — j| < 1},
and set B, = Rls(n)i){e n. Clearly S(n) is a symmetric and reflexive relation,
so S(n) € SrRen, and B, € WA ~ SA when 3 < n by Theorem 5.9(2) of
[Ma82]. B, is obviously complete and atomic, since its universe consists of all
subsets of S(n). We shall see that if 3 <n < w, then B, is finite and satisfies
(7) but not (a) or (B), and B satisfies (6) but not (7).

Let R C S(n) and suppose R € Ie®B,. If (i, j) € R then (i, i) € R
since (i, i) € {(i, )}{(j, )} € RIS(n) = R, and (j, j) € R since (j, J) €
(G, DY, )} € S(n)|R = R. Also, if (i,i) € R, and (i, j) € S(n),
then (i, j) € R since (i, j) € {(i, )H}{{i, j)} C R|S(n) = R. It follows
that & and S(n) are the only ideal elements of B, , so B, satisfies (J).
If n < w, then B, is finite but nontrivial, and hence is simple by part
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(iii). But () fails in B, because {(0, 0)} # &, while S(n)|{(0, 0)}|S(n) =
{(0, 0), (0, 1), (1, 0), (1, 1)} # S(n) since n>3.

Finally, B is not simple, since there is a nontrivial congruence relation =
on B , which is defined as follows: R = T if R, T C S(w) and
(R~ T)U(T ~R)| < w. Obviously = is an equivalence relation. The proof
that = is a congruence relation is fairly straightforward. We will consider just
one case.

Suppose R=T and RR =T. Then R~ T, T ~ R, R ~ T, and
T' ~ R are finite. To show R|R' = T|T’', we must show (R|R') ~ (T|T’) and
(T|T') ~ (R|R) are finite. First note that

(RIR)) ~ (T|T") C (RI(R' ~ T)) U((R~ T)|R')
C (SR ~ T U (R~ T)|S(w))

(more generally, every NA satisfies the identity w; x - (y; z)” <w; (x-Z)+
(w-7); x). Now S(w)|(R' ~ T') and (R ~ T)|S(w) are finite, because R ~ T
and R ~ T are finite and every k €  has finite S(w)-degree. Hence (R|R’) ~
(T|T") is also finite, and so is (T|T’) ~ (R|R’), for similar reasons. O

6. REPRESENTABILITY AND RELATIONAL BASES

In this section we prove that certain relation algebras are representable iff they
are completely representable (Theorem 33), and that a NA is representable iff
it can be embedded in an atomic NA with an w-dimensional relational basis
(Theorem 37).

Definition 30. For any 2 € NA, Eq2 = {x: x; x < X=xE€ A}. Eq2is the
set of all equivalence elements of 2.

An equivalence relation is just a symmetric and transitive relation (as in
[CTS1, p. 345] or [HMT71, p. 30]). Every equivalence relation is reflexive and
hence is an equivalence relation on its field. For any equivalence relation E ,
Eq &b E is the set of equivalence relations contained in E. The field of any
R € Eq6b E may be a proper subset of the field of F . In particular, for any set
U, Re EqReU justin case R is an equivalence relation over some (possibly
proper) subset of U . Note that & is such a relation.

The following theorem is noted in a remark preceding Theorem 4.10 in
[JT52).

Theorem 31. If % € RA and z € Eq¥, then Rl A€ RA.

The next theorem shows that if 2 is an atomic RA with “finite products”,
then every embedding of 2 into a complete atomic RA B can be “relativized”
to a complete embedding of 2 into a relativization (and homomorphic image)
of B.

Theorem 32. Assume A € RA, 2 is atomic, and {w: x;y > w € At} is finite
forall x,y € At. Suppose B is a complete atomic RA and h is an embedding
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of % into B. Let z=Y""'h*At, and, forall x € A, f(x)=z-h(x). Then
z € Eq®B, RIB is a complete atomic RA, and f is a complete embedding of
2 into RIS B.

Proof. First we have

z= (Z(%) h“Ath)
(B) < . ...
= Z {(h(y)) :y € At} ;is completely additive
w—(B) o
= Z( ){h(y): y € At} h is a homomorphism

B) .
< Z( )h At Theorem 10(i)

=Z,

$0 z=2z"" <z by Theorem 8(ix)(xiv), and hence z = z. To show z;z < z,
assume z; z > u € AtB. By the definition of z and the complete additivity
of ;, we have

z;z= ) {h(x); h(y): x, y € At}

= Z{h(x;y): X,y € AtAU}.
Hence there are x,y € At such that u < h(x;y). By the assumptions
concerning 2, there are finitely many atoms v, ..., v,_, such that x;y =
Vg+---+0V,_;, 80
u< h(vy+---+v,_)=hy)+-+hv,_,).
Hence, for some m < n, u < h(v,) and v, € At2, ie.,, u < z. Thus
z;z < z. From this and z = z we get z € Eq'B, and hence RI,B € RA by
Theorem 31.
To show f is a homomorphism we must show, forall x, y € 4:
(1) f(x+y) = f(x) + [(0),
S(x-y)=S(x)-SO),
(x)=(f(x)"",

Now (1)-(4) and (7) follow by Boolean algebra from the fact that 4 is a ho-
momorphism. For (6) we have

fX)=z-hX)=z-2-h(X)=z-(z-h(x))" =z-(f(x)" =(L(x))7".
For the proof of (5), first note that
f(xX); f) = (z-h(x)); (- h(»))
<zyzoh(x);h(y)<z-h(x;y)=f(x;y).




PAIR-DENSE RELATION ALGEBRAS 111

For the opposite inclusion, we begin by assuming f(x;y) > u € At8. Then
u< f(x;y)=z-h(x;y) < z=3Y h"At so there is some w € At such that
u < h(w). Therefore, 0 # u < h(w)-h(x;y)=h(w-x;y),50 0 #w-x;y
and w < x; y. By the complete additivity of ; we have

2
x;y=Z( ){q;r:x2quth,y2reAt2l},

so there must be g, r € At2 suchthat w <g¢g;r<x;y,q<x,and r<y.
Therefore h(q) < z-h(x) = f(x) and A(r) < z-h(y) = f(y), so u < h(w) <
h(g;r) = h(q); h(r) < f(x); f(y). Thus any atom of B below f(x;y) is
also below f(x); f(y), i.e., f(x;¥y) < f(x); f(y). This completes the proof
of (1)-(7).

If x € At2, then h(x) # 0 since & is one-to-one, and 2(x) < z by the
definition of z, so f(x)=z-h(x)=h(x)#0. Thus f is one-to-one.

To show f is complete, assume X C 4 and w = Z(m)X exists. We must
show ¥ /* X = f(w).

Suppose f(x) is an arbitrary element of /"X, with x € X. Then x < w
and f(x) < f(w) since f is a homomorphism. Thus ¥ f*X < f(w).

For the opposite inclusion, assume f(w) > u € AtB. Then u < f(w) < z,
so there is some y € At such that u < h(y). Then 0 # A(y)- f(w) <
h(y)-h(w) = h(y-w) = h(z(m){y-x: x € X}),s00# Zm{y-x: x € X}. Since
y € At2, there must be some x € X such that y < x. Hence u < h(y) < h(x),
and we have u < z,s0 u < f(x) and x € X, ie.,, u < E(%)f*X. Thus
fw) < E(%) /X , which finishes the proof that f is complete. O

It is not true that a representable relation algebra need be completely repre-
sentable. In fact, the first example of an infinite representable relation algebra
which is not completely representable appears in [L50]. There are other exam-
ples of such algebras in [Ma78a]. Thus, the problem arises of finding partial
criteria under which representability implies complete representability. The fol-
lowing theorem gives one such criterion.

Theorem 33. Assume 2 € RA, 2 is atomic, and {w: x;y > w € At} is finite
forall x,y e AtA. Then U is representable iff A is completely representable.
Proof. Let h be a representation of 2 over the equivalence relation E. Note
that &b E is a complete atomic RA and /4 is an embedding of 2 into GbE .
By Theorem 32 there is a complete isomorphism f mapping 2 into Rl GbE,
where z = Y(®°®) p*At2l = |h"At% € EqGbE, but RI.GbE = Sbz, 50 f
is a complete representation of %A over z. O

An obvious corollary of Theorem 33 is that a finite relation algebra is repre-
sentable iff it is completely representable.

Now we try to motivate the next definition. Let U be a nonempty set. Let
u e “U, where o < w. Then u determines an a-by-a matrix m of atoms
of ReU as follows: for all x,A<a, m,, ={(u,, u,)}. It is then easy to see
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that m has properties (B)-(B,) listed in part (i) below. We call such matrices
“basic,” and let B ReU be the set of all such o-dimensional matrices. Let
X,y be relations in Re U . Suppose m,; < x;y. Then there is some v € U
such that (u,, v) € x and (v, u;) € y. Choose u < « so that u # x, A. Form
the sequence ' by replacing u, with v. Then u' “witnesses” the fact that
m_, < x;y. The sequence u' determines another basic matrix m’' which is
the same as m except in row u and column p. The set B Re U thus happens
to satisfy the “extension condition” (R,) in part (iii) of the definition below,
and forms what we call an o-dimensional relational basis.

Definition 34. Let 2 € NA and let o be any ordinal.

(i) B2 is the set of a-by-a matrices of atoms of 2 which satisfy the
following conditions:
(By) m,, <1 forall k <a,

(B,) r\ﬁ“ =m,, forall x,i<a,
(B,) m, < M5 My forall Kk, A, u<a.
The elements of B 2 are called atom matrices or basic matrices.

(ii) The basic matrices m and m' in B2 agree up to k if m,, =m,
whenever 4, v € a ~ {k}, and they agree up to x, A if m = m:w whenever
u,vean~{k,i}.

(iii) Let @« >2. M is an a-dimensional relational basis for 2 if

(R,)) MCBA,

(R,) for every atom x € At2 there is a basic matrix m € M such
that m, = x,

(R, if meM, k,A<a, x,yeAtd, m <x;y,and k,A#u<

o, then there is some m’' € M such that m and m' agree up to u, m; =X,

m
and m; =Y.

(iv) 2 is a relation algebra of dimension o if 2 is a subalgebra of some
complete atomic nonassociative relation algebra which has an a-dimensional
relational basis.

(v) RA, is the class of all relation algebras of dimension «.

The notion of relational basis was introduced in [Ma83], where it was called
simply “basis.” In [Ma83] the notation MA  was used instead of RA_ .

Every basic matrix m € B 2 gives rise to a “partial representation” R of 2
over a x a by the definition R(x) = {(x,4): k, A1 < a, m,; < x}, for every
x € A. Indeed, R has these properties for all x, y € 4:

R(x+y)=R(x)UR(»), R(x-y)=RXxX)NRY), R =(axa)~R(x),
ROO)=@, R(l)=axa, REX) =Rx)"', R(x;y)2RX)IRY).

If 2 is countable and has an w-dimensional relational basis, then the extension
condition (R,) can be used to progressively alter such a partial representation
until the last condition becomes an equality and a full representation is obtained.
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We shall prove that a nonassociative relation is representable iff it is embed-
dable in an atomic NA with an w-dimensional relational basis. First we need
the following connection between SA’s and 3-dimensional relational bases.

Theorem 35. Assume 2 € NA and A is atomic. Then the following statements
are equivalent.

(@) A€SA,
(B) B, is a 3-dimensional relational basis for A,
(y) A has a 3-dimensional relational basis.

Proof. Theorem 4 of [Ma83] states that («) implies (). Obviously (f) im-
plies (y), so we will assume (y) and prove (a).

Let M be a 3-dimensional relational basis for 2. To show 2 € SA it is
enough to show x;1;1 < x;1 forevery x € 4, since x;1 < x;1;1 by
Theorem 8(iv).

Suppose

(1) a<x;l;1 and ae€At«.

Now 2 is atomic, i.e., every element of 2 is the join of atoms below it, and ;
is completely additive, so

x;l;1=Z{b:xzbeAth};ZAth;ZAth

=Y {b;c:x>beAtY, ceAtU}; Y At
=) {d:b;c>deAtU, x> beAt, ce At}; Y At
=Y {d;e:b,c,d,ecAtd,d<b;c,b<x}.

Hence there are b, ¢, d, e € At such that

(2) a<d,e, d<b;c, and b<x.

Since M is a relational basis and a € At2, there is some m € M such that

(3) my =a.

Thus my < d;e, so, by the extension condition (R,) for relational bases,
there is some m’ € M such that

(4) mgzzd, m;lze, and m,m'agreeupto2.
Similarly, mg, < b; ¢, so there is some m” € M such that
(5) mgl =5, m'l'2 =c¢, and m', m" agreeup to 1.
Then, by (4) and (5),

"

/ " " g
(6) Moy = Moy = Moy < Mg, 5 Mg =b:b.

Note that b is also an atom by Theorem 10(i). By (6) and the extension
condition there is some m"” € M such that

" m 5
b,

(N my=>b, my=

and m, m" agree up to 2.
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Using (3) and (7) we get

(8) a=m01=mg;Smg;;mg;=b;m'2'15x;1.

Steps (1)-(8) show that a < x; 1 whenever a < x; 1; 1 and a € At2. Since
2 is atomic, this shows x; 1;1<x;1. O

If A € NA, then any algebra B € NA which satisfies conditions (a)-(d) of
the next theorem is called a completion of . The next theorem says that every
NA has a completion, and gives those few additional properties of completions
that we will need later.

Theorem 36. Let 2 € NA. Then there is some algebra B such that

(a) ACB,

(B) B is complete,

(y) if X< A4 and Z(m)X exists, then Z(m)X = E(%)X,

(0) forevery be B, b=) {a:b>ac A},

() B eNA, and B isin WA, SA, or RA iff A isin WA, SA, or RA,
respectively,

(§) At =At®,

(n) for every a > 2, if M is an a-dimensional relational basis for 2, then
M is an a-dimensional relational basis for B .

Proof. By Theorems 1.10, 1.11, and 1.12 of [Ma82], every NA is a Boolean
algebra with operators (in the sense of Definition 2.13 of [JT52]) in which the
operators ~ and ; are completely additive. So, according to [Mo70, p. 51], there
is a Boolean algebra with operators, B, such that (a)-(Jd) hold. Theorems 1.9
and 1.10 of [Mo70] state that certain types of formulas hold in 98 whenever
they hold in 24. The axioms for NA, WA, SA, and RA are of this type, so
B € NA and (¢) holds. Condition ({) follows from (J), while (7) is an
immediate consequence of ({) and the definition of relational basis. O

The next theorem is almost equivalent to Theorem 6(3) of [Ma83], which
states that RRA = RA_, i.e., a relation algebra 2 is representable iff 2 can be
embedded in a complete atomic SA with an w-dimensional relational basis.
The next theorem shows this is still true if completeness is omitted and “SA” is
replaced by “NA”.

Theorem 37. Let 2 € NA. Then the following statements are equivalent.

(a) 2 is representable,

(B) there is an atomic B € NA such that A C B and B has an -
dimensional relational basis.

Proof. Assume 2 is representable. Then there is some equivalence relation E
and an algebra B such that 2 C B = Gb E. Now ‘B is not only atomic, but
also complete, and is not only in NA, but also in RRA. Finally, B B is a
relational basis for B, since B, &b E is a relational basis for b E'. Thus (a)

implies ().
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Now assume (f) holds, and that M C B B is an w-dimensional relational
basis for 8. Let € be a completion of B, i.e., an algebra obtained by applying
Theorem 36 to 8. Then M is also an w-dimensional relational basis for €.
It is easy to show that {(m,;);, ;_3: m € M} is a 3-dimensional relational basis
for ¢, so € € SA by Theorem 35. Thus 2 C € € SA, € is complete and
atomic, and € has an w-dimensional relational basis. So, by the definition of
RA, and Theorem 6(3) of [Ma83], 2 is representable. O

Completeness plays no essential role in the proof of Theorem 6(3) of [Ma83].
In fact, it is not even mentioned in the part of the proof which shows RA  C
RRA.

7. IDENTITY ATOMS, POINTS, PAIRS, TWINS, AND FUNCTIONAL ELEMENTS

In this section we define identity atoms, points, pairs, twins, and functional
elements and prove many things about them, including generalizations of some
theorems in [J82] and [SS85]. (See Theorems 41 and 42 below.) Except for
these generalizations we prove only what we need later. Only one theorem
in this section holds for relation algebras but not for semiassociative relation
algebras.

Definition 38. For every 2 € NA | let

(i) Ia2l={x: I’ > x € At2},

(i) PtA={x:0#x€4,x;1; x<1I'},

(i) PriA={x:0#x€e4d, x;0;x;0;x<1I'},

(iv) TwA={x: xePr%and x-y =0 forevery y € PtA},

(v) Fnt={x:x€d,x;x<I'}.

The elements of Ia2A, Pt2A, PrA, Tw®A, and Fn®A are called the identity
atoms, points, pairs, twins, and functional elements, of 2 respectively.

The following observations should explain the intuitive meaning of these
definitions. Suppose 2 is a subalgebra of Re U and R is a relation in 2.

R is an identity atom iff R C Id;, = {(x, x): x € U}, R is not empty, and
no nonempty proper subrelation of R is an element of 2.

Decoding the definition of point, we see that R is a point just in case R is
not empty and every element in the domain of R is the same as every element
in the range of R, i.e., R= {(a, a)} forsome ac U.

With regard to the definition of pair, notice that, by Theorem 8(xxvii), every
pair is included in the identity. Hence, we can decode the definition of a pair
as follows: R is a pair of 2 justin case R is not empty, and whenever (a, a),
(b, b), (c,c) arein R and b is different from a and c, then a = c, ie.,
R={{a,a), (b, b)} forsome a,beU.

A twin is a pair which is disjoint from every point, so R is a twin just in
case there are distinct a, b € U such that R = {(a, a), (b, b)}, and neither
{(a, a)} nor {(b, b)} are elements of A.
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Finally, R is a functional element of 2 iff R is a function whose domain
and range are (possibly proper) subsets of U. Notice that & is functional.
Functional elements were introduced and extensively studied for relation alge-
bras in [CT51].

Theorem 39. Let 2A € NA.

(i) If x e PrA then x <1’.
(ii) PtAUTw2 C Prat.
(iii) PtANTwA = 2.

Proof. (i): This part follows from Theorem 8(xxvi)(xxvii).

(ii): Trivially, Tw2 C PrA. Suppose x € Pt2A. Then x;0’; x = 0 by
Theorem 8(xxvi), so x;0°;x;0; x =0;0; x =0 < 1’, and therefore x €
Pra.

(iii): If x were both a point and a twin, then x would be both nonzero and
disjoint from itself. O

Theorem 4.6(vii) of [JT52] states that if A€ RA, x € At2, and y € Fn¥,
then either x;y = 0 or x;y € AtA. This result does not hold for every
2A € SA, but one of its consequences does hold for all SA’s, as shown by the
first part of the next theorem. The other parts of the theorem contain essential
properties of points, pairs, and twins which we will use later.

Theorem 40. Let 2 € SA.

(i) If x* € At and x € Fn? then x € At%.
(i1) If A is simple then Prd ~laA ={u+v:u,v € PtA, u-v =0}.
(iii) If A is simple then PrAnla2 = PtAUTwA.
(iv) If x € Pt and y € At, then x;1;y,y;1;x € At2A U {0} and
yv:1; xeFnd. If A is simple then x;1;y,y;1;x € AtA.
(v) If A issimple, x € Pt2A, and y € PtAUTWA, then x;1;y,y;1;x€
At and y;1; x € Fn2.
(vi) Parts (i), (iii), (iv), and (v) fail in some finite simple WA .
Proof. (i): Suppose 0 # z < x. We will show x < z. First note that 2° < x°
by Theorem 8(iii)(ix). Furthermore z% #0 since ; isnormaland 0 # z = z°; z
by Theorem 8(xxiv). Hence 2% = x? since x° € At by Theorem 12(i). Then

x=x"ix=zx=(1"-2;7);x<z;1;1=2z;1
by Theorem 8(iii)(xxiv) and the SL, so

x=x-z;lgz;(l-z;x)gz;(;c;x)gz;1’=z

by Theorem 8(iii)(vi)(ix), x; x < 1’, and the IL.

(i): Let x € Prd ~ [a?A. By Theorem 39(i), x ¢ At2A,so x = u+v,
v =0,and u,v # 0 for some u,v € A. By Theorem 39(i), we have
,v < 1’. Hence u;1;v =u;0;v and v;1;u = v;0’; u by Theorem




PAIR-DENSE RELATION ALGEBRAS 117

8(xviii). We also have 1 =1;u;1=1;v;1 since & is simple, by Theorem
29(iv). Then
u;l;u=u;(1;v;1);u

=u;1;(v;1;u) Theorem 25

=u; 15 (v; 05 u)

=u;1l;v;0;u Theorem 25

=u;0;,v;0;u

<x;0;x;0;x

<r.

Thus u#0 and u; 1;u<1’,s0 u € PtA. Similarly, v € Pt2.

For the opposite inclusion, suppose #,v € Pt and u-v =0. Let x =
u+v. Clearly x ¢ Ia2 since u,v # 0. We must show x;0’; x;0’; x <
1. By Theorem 8(i)(ii), x is the join of the elements r;0’;s; 0’; ¢t where
r,s,t€{u,v}. Forsuchanelement,if r=s,then r;0’;s5;0’;¢t=0;0;¢t=
0 by Theorem 8(xxvi), and if s = ¢, then r;0;s5;0 ;¢ < 1;5;0;¢t =
1;(s;0;¢)=1;0=0 by Theorems 8(iii), 25, and 8(xxvi), so x; 0’; x;0’; x
=u; 00,0 u+v;0;u;00v<u; ;1 Lu+v; 11, o=u; 1 u+
v;1;v <1 bytheSL.

(1ii): First we show PtA CIa2. Let x e Pt2%A. Then I'>x#0=x;0"; x
by Theorem 8(xxvi). Forevery y e 4, (x-y);1; (x-y)=(x-y);0; (x-y) <
x;0; x =0 by Theorem 8(xviii), hence x-y =0 or x-y =0, by Theorem
29(iv). Therefore x € Ia2.

If x € Tw then x is a pair disjoint from every point. In particular, x is
not the join of two points, so it must be an atom by part (ii). Thus Tw2A C Ia¥.

Combining what has been proved so far with Theorem 39(ii) yields PrAn
[aA D PtAUTWA.

For the opposite inclusion, we assume x € PrAnla% ~ Tw2 and show
x € Pt2. Since x € Prd ~ Tw#, there is some y € Pt2 such that x-y #0.
Hence y < x since PtA Cla®A. But xcla?2,so x =y e Pt2A.

(iv): We will assume x; 1;y # 0 and show x; 1; y € AtA. Suppose 0 # z-
x;1;y. Then 0#y-(x;1)7; z=y-1; x; z by Theorems 8(xii)(xiii)(xv)(xxvi),
and the cycle law. Since y € At2, this yields y < 1;x;z. Then x;1;y <
x;1;(l;x;z) =x;1;x;z < 1’;z < z by Theorems 8(iii)(v), 25, (xxvi)
and the IL. Thus x; 1;y € At2, and, similarly, y; 1; x € At2AU {0}. By
Theorems 8(iii)(xii)(xiii)(xv)(xxvi) and, 25,

;1) s L x) =x;5(1;9); (05 15 x)

=x;(L;y;y; Dsx<x; l;x< 00,

so y;1; x€FnY.
Now suppose 2 is simple. Since x #0#y,weget x;1;y#0#y;1;x
by Theorem 29(iv). Hence x; 1;y, y;1;x; € At2.
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(v): We have y € At by part (iii), so the desired conclusion follows by part
(iv).

(vi): Let A = Rig;Re3, where S(3) = {(i, j): 1,/ <3 and [/ —j| < 1}.
Then 2 is a simple ﬁmte WA by [Ma82, §. 9(2)]

To show part (i) fails, let x = {(1,2), (1, 0)}. Then x* = {(1, 1)} € At
and x;x={ (0,0),(2,2)}<1’,s0 x e Fn2A, but x ¢ At.

To show parts (iii)-(v) fail, let x = {(0,0),(2,2)} and y = {(1, 1)}.
Then x € Pt but x ¢ At%, so (iii) fails. Also y € AtANPtA but x;1;y =
{(0, 1), (2, 1)} ¢ AtAU {0}, so (iv) and (v) fail. O

Now we obtain two theorems which improve previously published results.

Theorem 41. If A € SA, A issimple, 0#x€ A, x;1;x<1’,and x;1;x <
1’, then x € At and x*, x" € Pt2.

Proof. By Theorems 8(iii) and 25, we have
XLt X NS (G ) X< LX<,

and x° # 0 since x # 0, so x* € Pt2. Similarly, x" € Pt2%. By Theorem
40(v), x*; 1; x" € At%. But, by Theorem 8(iii)(xxiv), 0 # x = x*; x; x" <
x? 1 x €eAt, 0 x=x%;1;x" and x €At%. O

Theorem 41, restricted to relation algebras and without the conclusion that
x° , x" € Pt is related to Theorem 4.30 of [JT52]. Theorem 41 shows that
if the RA®Q in part (ii) of Theorem 4.30 is simple, then A is also atomic,
and therefore “atomistic” may be deleted from part (ii) if “simple” is added.
Jonsson and Tarski knew that Theorem 41 holds for RA’s, but did not state it
in [JT52]. It was first published as Lemma 7.3 in [J82], and is generalized here
to SA’s.

Theorem 42. If A € SA, A issimple, x,ye€ A, 0#x=x;1,0#y=y;1,
0#x,y,and x,y € Fn2, then x;y € At2.

Proof. Let z = x;y. We will see that Theorem 41 applies to z. First we have

~

z;1;z=x; (;; 1;y); x  Theorems 8(xiv)(xv), 25

<x;l;Xx Theorem 8(iii)
<

and, similarly, z; 1; z < 1. By Theorem 29(iv) 0# x; 1;y =x; y = z since
x,y#0 and x=x; 1. Thus z € At by Theorem 41. O

Theorem 42 was published as Theorem 7(i) of [SS85], but with the following
additional assumptions: 2 € RA, A is complete, and A is atomic. Some of
the additional assumptions are not immediately apparent from the statement of
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Theorem 7(i) in [SS85], since the authors use the phrase “relation algebra” to
refer to a relation algebra which is also complete, atomic, and simple. The proof
of Theorem 42 shows that Theorem 7(i) of [SS85] is actually just a consequence
of Lemma 7.3 of [J82].

Theorem 43. (i) If A € RA, A is simple, and x,y € Tw®, then exactly one of
the following statements holds:
() x;1;y€AtLA,

(B) there are distinct v, w such that x;1;y=v+w, and v,w,v,w €
AtANFnA.

(ii) Part (i) fails in some simple SA . In fact, for every o > 2 there is a simple
A, € SA with distinct x,y € A, such that Tw2d = {x,y},’=x+y, and
x; 1;y is the join of o atoms, none of which is functional.

Proof. (i) We assume («) is false and prove (f). Thus we have x;1;y ¢
At2. We also know that x; 1;y # 0 since x,y # 0 and 2 is simple, by
Theorem 29(iv). Hence there are v, w € A such that

(1) x;l;y=v+w, v-w=0, v#0, and w#0.
By Theorems 8(viii)(x)(xii)(xiii)(xiv), and 39(i), this implies

(2) y;l;x=v+w, v-w=0, v#0, and w#0.
Next, we show from (1) that v, w € Fn2. Wehave 1 =1;y; 1 since A is
simple and y #0. So
(3) x=x"= I’ x; 1 Theorem 8(xxi)(xxv), 39(i)
=1"-x;1;y;1
=0'-(v+w);1 (1)
=1"v;1+1">w; 1 Theorem 8(i)
=0’ +w’ Theorem 8(xxi).
But vd;éO and wd;éO since v, w # 0, and x € At¥, so x =2 =w’ by
(3). In a similar way we get y = v" = w'. Hence, by Theorem 8(xiii)(xv)(xxiv),
(4) T;:y;E, vV=X;0V;), xgw;ﬂ), and w=w;y.

The statements in (4) were chosen just for the following derivation, which con-
tains the only essential use in this proof of the associative law.

(5) V,v=y;0;(x;0;) (4)

<y;v;(w;w;v;y) (4)

y
y

=y;v;(w;ysw;v;y)  (4)
y
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We have w <7 since v-w =0,s0 v;w <v; 7 <0 by Theorem 8(xxviii),

and hence w; v <0’ by Theorem 8(xii)(xiv)(xv). Therefore,

y;(Wsw);y; (wiv);y (5)

;059,05

r yeTw,

so v € Fn2. By a similar proof, w € Fn2. We have v=uw'=xe At

so v, w € At by Theorem 40(i). It follows similarly from (2) that v, w €
FnANAt2A.

(ii): Let a > 1. Let 2 be the SA determined by the following conditions.

(1) At ={a,, ay, a,, a,,}U{ag,: k <a}U{ajy: k <a},

(2) P'=a;+a,,

(3) if x € {a,, ay, a,, a,,} then X=x,

(4) if k < a then (ag,)” =a}, and (aj)” =ay,,

(5) if k,A<2,k#4A,and u, v < a, then

x;ax=axx;axx=ax’

ax;axx=axx;ax=axx’

N A"
A Ay =Gy G = Ay

R R _ v
axx’axl_axl’au_zaxl’

v<a
4w a, +a, ifu=v,
akl;alxz{a ifﬂ#l/
KK ’
(6) if x,y € At and Xx;y is not determined by (5), then x;y =0.
If o =1, then the second case in the last part of (5) cannot occur, and 2, is

isomorphic to the subalgebra of $Re4 generated by {(0, 0), (2, 2)}, under the
isomorphism A which behaves as follows on the atoms of A, :

a

h(ag) = {(0, 0), (2, 2)},
h(agy) = {(0, 2), (2, 0},
ha,) = {(1, 1), (3, 3)},
h(a,y) = {(1, 3), (3, 1)},
h(agy) = {(0, 1), (0, 3), (2, 1), (2, 3)},
h(ady) = {(1,0), (3,0), (1,2), (3, 2)}

If a>2,then 2%, ¢ RA, since

0o 1
Qg1 5 Q105 Qg = Qoo 5 g = A >

0 1 0 K
ag; 5 (@195 gg) = agy 5 (Z alo) =ay+ay-

K<a
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Let x =qa;, and y = a;. Then Tw? = {x,y}, '=x+y,and x;1;y =
Y k<o oy » While Fn2 = {a,, ay,a,,a,}. O

8. POINT-DENSITY AND PAIR-DENSITY
Definition 44. Let A € NA. A is point-dense if Y Pt2A = 1’, and 2 is pair-
dense if > Pra=1".

It is easy to show (as in the proof of Theorem 47 below) that A € NA is
point-dense (or pair-dense) just in case every nonzero identity element contains
a point (or pair), i.e., the points (or pairs) are dense below 1’. That is why
“dense” is used in Definition 44.

Theorem 45. Every point-dense NA is also pair-dense.

Proof. This follows immediately from Theorem 39(i)(ii). O

Theorem 46. Every point-dense SA is a RA.

Proof. Assume 2 € SA and 2 is point-dense. The associative law can be
proved from the following statement by means of Theorem 8(ix)(xiv)(xv):

(1) X;V;z<x;(y;z) foralx,y,z€A.

So we need only prove (1). Given x,y,z€ A, let w=(x;(y;2) -x;y;z.
By the IL, point-density, and the complete additivity of ; , we have

w=w;=w; Y PtA= Y w;v,
vEPLY

but, for every v € Pt2, v; 1; v =v <1’ by Theorem 8(xxvi), so

wi;v=((x;(y;2) -x;¥;2);v

=(x;(¥;2)) ;v-x;y;2z;0 v < 1’, Theorem 8(xvii)
=(x;(¥;2) sv-x;9;z;(v; 1;v) v=v;1;0
=(x;(¥;2) ;v-x;(y;2);(v;1;v) Theorem 25
=(x;(¥;2) ;v-x;(¥; 2);0 v;l;v=v
=((x;(y;2) -x;¥;2);v v < 1’, Theorem 8(xvii)
=0;v=0,

so w =0. Thus (1) holds. O

If a > 2, then the algebra 2 given in the proof of Theorem 43(ii) is a
pair-dense SA which is not a relation algebra.

Theorem 47. Suppose A € SA and A is simple.

(i) If A is point-dense, then 1a2 = Pt2.
(ii) If A is pair-dense, then Ta2d = PtAUTw.
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Proof. (i): By Theorem 40(iii), Pt C Ia®d. To prove the opposite inclusion,
suppose x € Ia. Then 0 # x = x- 1" =x- Y} PtA =} L ,x -V, s0
there is some v € Pt2 such that 0 # v -x. But x € At2 and v € At%, so
x=vePtd.

(ii): By Theorem 40(iii), we need only show Ia2l C PrA. Let x € laA.
By pair-density, 0 # x =} p qX -V, 50 x < v for some v € Prf. Then
x;0;x;0; x<v;0;v;0;v<I1’,s0 xePrA. O

Theorem 48. Every simple pair-dense RA, and hence every simple point-dense
SA, is atomic.

Proof. Assume 2 is a simple pair-dense RA. We will show that every nonzero
element of 2 contains at atom. Accordingly, assume 0 # x € 4. Then x° #0
since x = x° ; X . By pair-density, there is some y € Pr such that y < x?.
Then y =yoxd =y; x* <y;x;1,s0 y;x #0, which implies (y; x)" #0.
By a similar argument, there is some z € Pr2l such that z < (y; x)" and
y;x;z#0.

By Theorem 40(ii)(iii), y is either a point, a twin, or the join of two points,
and the same is true of z. For each of the resulting nine cases we will show
that y; 1; z is either an atom, the join of two atoms, or the join of four atoms.

If y, ze Tw®, then y; 1; z is an atom or the join of two functional atoms
by Theorem 43(i).

Suppose y € PtAUTwA. If z € Pt2A, then y;1;z € AtANFn2A by
Theorem 40(v). If z is the join of two points 4 and v, then y;1;z =
y;lL;u+y;l;v,and y;1l;u, y;1;v € At N Fn2 by Theorem 40(v),
so y; 1; z is the join of two functional atoms. Similarly, y; 1; z is an atom
(whose converse is functional) or the join of two atoms (whose converses are
functional) if z € PtAUTw®2 and y € Pt2 or y is the join of two points.

Finally, if both y and z are joins of two points, then y; 1; z is the join of
four functional atoms by Theorem 40(v).

We have 0 #y;x;z<y;1;z,and y; 1, z is the join of finitely many
atoms, so y; x; z must contain one of those atoms. But y; x; z < x, so x
also contains at atom. 0O

Now we turn to a key result which says, in effect, that every partial represen-
tation-of a simple pair-dense RA can be extended wherever necessary. First we
need a lemma.

Lemma 49. Assume 2 < a, A € WA, and x € At. Then there is some
m € B A such that my = x.
Proof. Define m: a x o — A as follows:

X ifk=0, A>1,

ifk>1, A=0,
¢ ifk=4=0,
ife>1, A>1.

mxi =

= = =(
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By Theorem 10(i) and Theorem 12(i), x, x* ,x €AtA, 50 m:axa— Atd.
It is now easy to verify that conditions (B,)-(B,) hold, using various parts of
Theorem 8,s0 me B 2. O

Theorem 50. Let 2 be a simple pair-dense RA. Then B 2 is an w-dimensional
relational basis for 2.
Proof. Condition (R,) is trivially satisfied, and (R,) holds by Lemma 49, so
it remains to show the extension condition (R,) holds. Assume m € B %,
K,A, u<w, pu#K,A, x,y€AtdA,and m_ <x;y.

We begin by defining m’ for almost all arguments; the exceptions are m;w
and m;ﬂ with v e w ~ {x, A, u}.

/ r . w4 sy,
(1) m,=x =I-1Tix=y =0I-y;1,
(2) m;ﬂ=x, m;m:-;> m;d=y, m;ﬂ:;,
(3) mye=m, ifv,&cw~{u}.

The last three equations of (1) hold by Theorem 8(xxi)(xxii) and Theorem
12(iv). All the elements of 4 appearing in (1)-(3) are atoms, by Theorems
10(i), 12(i). Two of the desired properties of m' are guaranteed by (2), namely
m;ﬂ =x and m:M =y, and, by (3), m and m’ will agree up to u, no matter
how the definition of m' is completed. What therefore remains is to define
m;w and m;# forall v € w ~ {x, A, u}, and show that m' € B 2.

Let Ay={k, A, u}. Forevery a<w,let A, =A U{v}, where v is the
least element of w ~A_, and let

Z,=({u xA) U, x{uh U (@~ {u}) x (@~ {u})).

Clearly X is symmetric and reflexive, i.e., if (v,&) € £ then (v, v), (¢, v),
(€,8)e X, ,and wxw=,,Z, - Conditions (1)-(3) define m.[/c whenever
(v,&) € X,. Using various parts of Theorem 8, it is easy to show that the
following three conditions hold for a =0:

(4) m:w <1’ whenever (v,v)€X ,
(5) r;t:lé = méy whenever (v, &) € X,
(6)  me<ml,im, whenever (v, &), (v, p), (p, &) €T,

Suppose, given some fixed o < w, that m;w and m:, u have been defined for
every v € A_ in such a way that (4)-(6) hold. We will choose m,, and my, ,
where {f} =A ., ~A,, and prove that (4)-(6) still hold if o is replaced by
a+1.

There are four cases, in three of which the definitions of m; 5 and m

!

Bu
forced, while in the fourth case m; 5 may be either one of two functional atoms.

arec
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For the first case, assume there is some v € A, ~ {u} such that m,, p € Fn.
Then, by (6),

i li ! li li / !
076”1,,,,Sm,,,;,mp,,'m.,,,»m,,,,ﬁm,,ﬂ, l-mw, 1.

Using the cycle law and (5), we get

! ! / !/

O;émw;(myﬂ; l)=mw;myﬂ; 1.

!
Consequently 0 # m,,;

m:,ﬂ € Fn%, and 0 # m:w;

m, , by Theorem 6(ii). Thus we have m,, € At2,
m, 5 , 50, by Theorem 4.6(vii) of [JT52],

’

(7) mw;m;ﬂeAth.

In this case we define m; 5 and m;# as follows:

! ! / ! ~ 1/
(8) Mg =m,,;m,; and Mg, =M.

v

For the case under consideration we now establish (6) for a+1. Let €A, .
Then

li li li li . o
O;lém‘“::m#c-mw;mVf (6)if E# B, (8)if & =B,
<m-m,; (m,g; my,)  (6), Theorem 8(iii)
_ ! . i . ! . i AL
=My My s Myps Mpe
li li li
=My Myps Mpe (8).

’ Pt / "o
By the (iycle law and (5), 0 # Mg Myes Mg, and hence Mg < Myes Meg
since m up € At2. Thus we have shown

(9) m;ﬂ < m;c; méﬂ whenever{ €A, .

In proving that (4)-(6) hold for a+ 1, we need only consider cases not covered
by the assumption that (4)-(6) hold for «. There are no such additional cases
for (4), the additional cases for (5) follow immediately from (8), and all the
additional cases for (6) can be easily derived from (9) using Theorem 8, CL,
(5), and (8).

In the second case, we assume m:/u € Fn2 for some v € A ~ {u}. As

in the first case, we have m;,y; m, , € At2. Hence we let m;# = m;u sm, "

m, ;= m, , and show that (4)-(6) hold for a +1.
For the last two cases we assume

(10) m,',# ¢ Fn2 and m,'/ﬂ ¢ Fn2A foreveryv €A ~ {u}.




PAIR-DENSE RELATION ALGEBRAS 125

Let v € A, ~ {u}. We have m:”,, m;gﬂ € Ia2, so, by Theorem 47(ii),
m:w , My 5 € Pt2AUTw2 . According to Theorems 40(v) and 43(i), the only way

m,,; 1, m gp can fail to be an atom is for it to be the join of two functional
atoms, which can occur only if mW ﬂ 5 € Tw2l. But

I
muﬂ < ml/l/ ’ Vﬂ > ﬂﬂ < muu ’ L; mﬂﬁ
and myﬂ € At%, so if mw,
then mV s Wwould have to be one of those two functional atoms, contradlctmg
(10). Therefore m,, =m,,;1; , my, € At2. Furthermore, if mpg, € P,
then m:, g = l; m 8p € Fn?2l by Theorem 40(v), again contradicting (10).

Hence m;g p € TwaL. The same observations apply with u in place of f. Thus
we have

1; m pp Were the join of two functional atoms,

l/l/’

m/’

(11) m,g=m

Since 0 #m,, =m, ;m,  and 9 issimple, we have 1 = 1;m, ;m ;1.

Vl/ 5 vv 122 > 1278

From (4), (5) and (11) we get

1; 1; m
L gy = s

1/1/’

1; mﬂﬂ—m

Ml’ #Il’

Thus we have shown m’ > m 88 € Tw2 and

(12) lmﬂﬂ—m m;B forevery v € A ~ {u}.

Illl’ v

By Theorem 43(') m,,; 1 m' sp 1s either an atom or the join of two func-
tional atoms. If m’ ;1; mﬂp is an atom, we must let m#ﬂ = mm‘, l; mﬂﬂ,

e
but if m’ " 1;m 88 is not an atom, then we may let m be either one of the
two functional atoms which m’ > l; m' 88 contains. Both cases can be handled

simultaneously by assuming only

i i ~/
(13) m#ﬂ=zeAt91, Z<muu’1 mﬂﬂ, and Mg, =m,g.

From (13) we get (m ”ﬂ) = m;m by Theorems 12(v) and 8(xxv)(iii), so m;ﬂ =
(mﬂﬂ) :m uﬂ = m;m : m; 5 by Theorem 8(xxiv), and, similarly, m;ﬂ =
;lp§ ;3;? These two cases, together with those following from (12) and

mﬂﬂSm 1; mﬂﬂ give us

e

(14) mﬂﬂSmw/,m'p forevery v €A,

It follows from (13) and (14) that (4)-(6) hold for o+ 1.

This completes a proof by induction that m’ can be constructed so that (4)
(6) hold for every a < w. Since w x w =
BA. O

it follows that m' €

a<w a’
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9. REPRESENTATION RESULTS

In the first two results we restrict our attention to simple algebras.

Theorem 51. Let 2 be a simple pair-dense RA. For every set U the following
statements are equivalent:

(o) A has a complete representation over U,

(B) |U|=|PtA| +2|Tw|.

Proof. First we show that («) implies (f). Suppose that R is a complete
represefitation of 2 over U. For every x € Pt2, R(x) is a point of Re U,
and so there is some a € U such that R(x) = {(a, a}}. Distinct points of
20 must correspond to distinct elements of U, since R is one-to-one. This
establishes a one-to-one correspondence between Pt2 and a subset of U . Now
let y e Tw2. R(y) is not a twin of Re U (in fact, TwRe U = &), but R(y)
is a pair of ReU which is not a point. Hence there are distinct b,c € U
such that R(y) = {(b, b), (c, c)}. Thus every pair of 2 corresponds to a
two-element subset of U . Distinct identity atoms are disjoint, so distinct pairs
in A correspond to disjoint two-element subsets of U, and an element of U
corresponding to a point of 2 cannot also correspond to a pair. Thus there
is a one-to-one correspondence between Tw2 and a collection of two-element
subsets of U, each disjoint from the subset corresponding to Pt . It follows
that |U| > |Pt2| + 2|Tw®|. To get the inequality in the other direction, it
suffices to show every element of U corresponds to some point or pair of 2.
Let a € U. 2 is atomic, so 1’ = ) Ia?. R is complete, so Id,, = R(1’) =
R(}Ta?) = U{R(x): x € la?}. Thus {(a, a)} € 1d, = U{R(x): x € Ia},
so there is some x € Ia® such that {(a, a)} C R(x). Every identity atom of
20 is a point or a pair, so either a corresponds to a point, or else a is one of
two elements of U corresponding to a pair. This shows |U| < [Pt2A|+2|Tw2|,
completing the proof that (a) implies ().

Now assume |U| = |Pt2|+ 2|Tw#|. Every simple pair-dense RA has an -
dimensional relational basis by Theorem 50 and is atomic by Theorem 48. An
atomic RA with an w-dimensional relational basis is representable by Theorem
37. Thus we know 2 is simple, atomic, and representable.

Let x,y € At2A. Then x;y < xd; 1;y" and xd,y' € Ia2 by Theorems
8(xxiv) and 12(i), so x* ,¥" € PtAUTw2 by Theorem 47(ii). By Theorem
40(v) and Theorem 43(i), either x°; 1; ¥ isanatomor x; 1; )" is the join of
two atoms. Thus |[{z: x;y > z € AtA}| <2 forall x, y € At2. By Theorem
33, A is completely representable. Since 2 is also simple, there is a set V
and a complete representation R of 2 over V. Since (a) implies (f8), we
conclude that |V| = |Pt2| + 2|Tw®| = |U|. Choose f:V — U so that f isa
one-to-one correspondence. Define R': 4 — Sb(UxU) by R'(x) = f _1|R(x)| f
for every x € A. It is easy to confirm that R’ is a complete representation of
A over U. O
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Theorem 52. (i) If A is a simple point-dense SA, then for every set U the
Jollowing statements are equivalent:
(a) A has a complete representation over U ;
(B) 1U|=[Pte].
(il) A= Re U iff A is a simple complete point-dense SA and |U| = |Pt¥|.
(i) A= RePtA iff A is a simple complete point-dense SA.

Proof. (i): By Theorems 45, 46, 47, and 39(iii), every simple point-dense SA
is a simple pair-dense RA in which Tw® = &. The equivalence of (a) and
(B) therefore follows from Theorem 51.

(ii): For one direction it suffices to observe that e U is a simple complete
point-dense SA and Pt Re U = {{(a, a)}: a € U}.

Assume 2 is a simple complete point-dense SA and |U| = |Pt|. By part
(1) there is a complete representation R of 2 over U. Let x € At2. Then
xd, r' € Ia¥% = Pt2 by Theorems 12(i) and 47(i), so x = x%;1; x", since
x=x%x;x" <x% 1;x" € At by Theorem 40(v). Also, R(x"), R(x") €
PtRe U, so there are a, b € U such that R(xd) ={{a, a)}, R(x") = {(b, b)},
and hence

d r

R(x)=R(x"; 15 x) = {(a, a)}|(U x U)[{(b, b)} = {(a, b)}.

Thus R maps At2into AtReU.

Note that 2 is atomic by Theorem 48, so 1 = Y At2. R is complete, so
UxU=R(1) =R AtA) = U{R(x): x € At} . Hence every atom {(a, b)}
of Re U is the image of some atom of 2.

Thus the embedding R establishes a one-to-one correspondence between the
atoms of A and Re U . Since R is complete, R must be an isomorphism.

(iii): This part follows from part (ii). O

It is possible to construct a somewhat more direct proof of Theorem 52(iii).
Define a function R: A — Sb(Pt2 x Pt2) by

Rx)={(u,v):u,vePtAand l;u;x;v;1=1}

for every x € A. It can then be shown that R is a complete representation
of A over Pt2. The author’s original (unpublished, 1973) proof of Theorem
52(iii) proceeded in this way.

In the final theorem we consider algebras which may not be simple. Here we
encounter the difficulty that pair-density and point-density are not preserved
by homomorphisms. In fact, we can construct an example which shows that
a point-dense RA may have a simple homomorphic image which is not even
pair-dense.

Let 91, be the subalgebra of Re3 which has universe M, = {J, Id,, Di,,
3 x 3}. Then 9M, is neither pair-dense nor point-dense. (The subalgebra 90,
of Re2 with universe M, = {J, Id,, Di,, 2 x 2} is also not point-dense, but
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it is pair-dense.) Let

h={(R,S): Re “Sb(3 x 3)
&S eM, & (Fk <w)(VA)(k <A<w— R, =5)}.

The domain of % consists of all those “eventually constant” sequences whose
“limits” are in M, and 4 maps each such sequence to its limit. Let 4 =
Dom A . It is easy to check that A is the universe of a subalgebra 2 of “HRe3.
The points of 2 are those sequences which have either {(0, 0)}, {(l, 1)},
or {(2,2)} in only finitely many places, and & everywhere else. Any identity
element of 2 contains a point, so 2 is point-dense. Finally, /# is a homomor-
phism mapping 2 onto M, .

Note that 2 is incomplete. For complete algebras the situation is different,
as the next lemma shows.

Lemma 53. Suppose 2 is a complete pair-dense SA.

(i) If 0 # x < 1’, then there is some y € Pr2 such that y < x and
l;y;1=1;x;1.
(ii) Every homomorphic image of U is pair-dense.

Proof. (i): Let ® be the family of sets Y having these properties:

(1) Y CPr¥,
(2) if ueY then u<x,
(3) if u,veY and u#v,then 1;u;1-1;v;1=0.

Note that @ is closed under unions of chains. Let Y be a maximal set in ®.
Set y =YY, which exists since 2 is complete. We have y < x by (2), and so
1;y;1<1;x; 1. Toprove the opposite inequality, assume (1;y; 1) -x #0.
By pair-density there is some u € Pr such that u < (1;y;1) -x. Let
Y =YU{u}. Weclaim Y’ € ®. Since u € Pr% and u < x, we need only
check property (3) for Y'. Forevery v € Y wehave 1;v;1<1;y;1, and
therefore 1;v;1-1;u;1<1;py;1-(1;y;1) =0. This not only confirms
(3), but also shows that u ¢ Y, thus contradicting the maximality of Y.
We may conclude that (1;y;1) -x =0, i.e.,, x < 1;y; 1, which implies
1;x;1 < 1;py;1. Thus 1;x;1 =1;y;1. Since x # 0, this also gives
y#0.
What remains is to show that y € Pr2. First note that

y;05y; 0y =3 Y053 Y05y Y= 3 w0500 w.
u,v,weyY

Suppose u,v,weY.If u#wv then u;0;,v;0;,w<l;u;l1-1;v;1=0,
and, similarly, if v #w or u # w then u;0’;v;0’; w=0. Therefore

y;05p;0y =3 u;05u; 0 us
ueyYy
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The last inclusion holds by (1). Since y # 0, we have y € Pr2.

(i1): Suppose h is a homomorphism from 2 onto 8. Let z € B and
0+# z<1’. Choose w € A such that A(w) =z and set x = w - 1’. Therefore
h(x) =z and 0# x < 1’. By part (i) there is some y € Pr2 such that y < x
and 1;x;1=1;y; 1. We will show that A(y) < z and h(y) € Pr8.

First, A(y) < h(x) = z. Next, 1;z;1 = 1;h(x);1 = h(1;x;1) =
h(l;y;1)=1;h(y);1,but z # 0, so h(y) # 0 as well. Finally, A(y); 0’;
h(y); 05 h(y) =h(y; 05 p;05p) <h(I’)=1",50 h(y) €ePrB. O

Theorem 54. Every pair-dense RA, and hence every point-dense SA, is com-
pletely representable.

Proof. Suppose 2 € RA and 2 is pair-dense. Let B be a completion of 2. We
have Pr2l C Pr8 since % C B, so }:(93) Pra< Z(%) Pr8. But I’= Z(Q‘) Pra
since 2 is pair-dense, and Z(m) Prol = E(%) Pr2 since B is a completion of
A,s0 I’= E(%) PrB, i.e., B is pair-dense.

Every relation algebra is a subdirect product of simple relation algebras. (See
Theorem 4.15 of [JT52] or Corollary 4.6 of [J82].) Hence, for some index set I,
there is an /-indexed system (€ : i € I) of relation algebras and an embedding
h such that

(1) h:B -]l €

(2) forevery i €1, €, is a simple homomorphic image of 8.
Choose an I-indexed system of sets (U,: i € I) so that

(3) UiﬂUj=® whenever i, je€l and i # j,

(4) |U| =|Pt¢,| +2|Tw¢,| forevery i€ 1.

Suppose j € I. B is pair-dense and complete, so € i is also pair-dense by
(2) and Lemma 53(ii). Hence, by (4) and Theorem 51, there is a complete repre-
sentation R i of ¢ ; over U T Let p ; be the natural projection homomorphism

from [[,, €, onto €. Let

E=JUxU,.
i€l
Note that E is an equivalence relation by (3). Define a function R: 4 — SbE
by
R(x) =|JR;(p;(h(x))) forallxeA.
i€l
It is now easy to show that R is a complete representation of 2% over E. 0O
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